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Abstract

We describe the structure of the vacuum states of quiver gauge theories obtained via dimensional
reduction over homogeneous spaces, in the explicit example of SU(3)-equivariant dimensional
reduction of Yang-Mills-Dirac theory on manifolds of the form M x CP?. We pay particular
attention to the role of topology of background gauge fields on the internal coset spaces, in
this case U(1) magnetic monopoles and SU(2) instantons on CP?. The reduction of Yang-Mills
theory induces a quiver gauge theory involving coupled Yang-Mills-Higgs systems on M with
a Higgs potential leading to dynamical symmetry breaking. The criterion for a ground state
of the Higgs potential can be written as the vanishing of a non-abelian Yang-Mills flux on the
quiver diagram, regarded as a lattice with group elements attached to the links. The reduction of
SU(3)-symmetric fermions yields Dirac fermions on M transforming under the low-energy gauge
group with Yukawa couplings. The fermionic zero modes on CP? yield exactly massless chiral
fermions on M, though there is a unique choice of spin® structure on CP? for which some of
the zero modes can acquire masses through Yukawa interactions. We work out the spontaneous
symmetry breaking patterns and determine the complete physical particle spectrum in a number
of explicit examples, some of which possess quantum number assignments qualitatively analogous
to the manner in which vector bosons, quarks and leptons acquire masses in the standard model.



1 Introduction

The Kaluza-Klein programme, i.e. the idea that the Higgs and Yukawa sectors of the standard
model of particle physics could have their origins in a simpler but higher-dimensional theory, re-
mains as attractive today as when it was when first proposed [I]. In the original idea of Kaluza
and Klein, and its non-abelian generalisation with a homogeneous internal space G/H for H a
closed subgroup of a compact Lie group GG, the higher-dimensional theory was pure gravity but in
later schemes Einstein-Yang-Mills theories in higher dimensions were introduced [2]. This has the
potential to provide a unification of the gauge and Higgs sectors in higher dimensions, while the
coupling of fermions to the higher-dimensional gauge theory naturally induces Yukawa couplings
after dimensional reduction. For certain coset spaces, particularly the complex projective plane,
the inclusion of topologically non-trivial internal fluxes can induce the chiral fermionic spectrum
of quarks and leptons of the standard model [3].

The pioneering scheme realizing these constructions is called “coset space dimensional reduc-
tion” [4, B], though a generic problem with such reductions has been that they are unable to
generate chiral gauge theories, without some additional modifications [5] [6]. In coset space dimen-
sional reduction, constraints are imposed on the higher-dimensional fields ensuring that they are
invariant under the G-action up to gauge transformations. This amounts to studying embeddings
of the isometry group G of the coset space, or of its holonomy subgroup H, in the gauge group of
the higher-dimensional theory and the solutions of the constraints are then formally identified with
the lowest modes of the harmonic towers of fields.

On the other hand, the “equivariant dimensional reduction” of gauge theories naturally incor-
porates the topology of background fields on G/H which are gauged with respect to the holonomy
group H. Although similar in spirit to the coset space dimensional reduction scheme, equivari-
ant dimensional reduction systematically constructs the unique field configurations on the higher-
dimensional space which are equivariant with respect to the internal isometry group G, and reduces
Yang-Mills theory to a quiver gauge theory based on a quiver (with relations) which is determined
entirely by the representation theory of the Lie groups G and H. As in coset space dimensional
reduction, there is no a priori relation between the gauge group G of the higher-dimensional field
theory and the groups G or H, and the resulting gauge group of the dimensionally reduced field
theory is a subgroup of G. This differs from the usual Kaluza-Klein reductions where the isome-
try group (or the holonomy group) is identified with the gauge group. The general formalism is
described in [7, [§]. It has been applied in a variety of contexts in [9, [I0] when the internal coset
space is the projective line CP!. Dimensional reduction over the fuzzy sphere (CP}; is also consid-
ered in [I0, II]. In this paper we extend the analysis of the vacuum states of such quiver gauge
theories performed in [I0] to an example with non-abelian holonomy, the projective plane CP2.
The corresponding quiver gauge theories have been discussed in [I2]. This example is rich enough
to capture some general features of the vacua of the quiver gauge theories which are induced by
reduction over generic coset spaces G/H.

When the internal space is the projective plane CP?, the equivariant dimensional reduction of
gauge fields naturally comes with U(1) monopoles and SU(2) instantons, in contrast to CP' where
only monopoles are present, and this introduces essential differences from the CP' case. As in the
Kaluza-Klein approach, the mass scale of the dimensionally reduced field theory is set by the size
of the internal space. We obtain a Higgs sector of the lower-dimensional gauge theory with a Higgs
potential that leads to dynamical symmetry breaking, as a direct consequence of the non-trivial
internal fluxes, and we work out the complete physical particle content and masses for a number of
explicit symmetry breaking hierarchies. As in the case of reduction over CP!, a Yukawa sector of
the reduced fermionic field theory is naturally induced. The harmonic expansion over CP? induces
an infinite tower of massive fermions in the reduced field theory, but the topologically non-trivial



gauge fields on the internal CP? necessarily also induce exactly massless chiral modes in the reduced
field theory. As in the CP! case, some of the massless spinor fields which arise as a consequence
of the index theorem on the internal space acquire masses through their Yukawa couplings, but in
general not all of them.

There is a number of other differences between the equivariant dimensional reduction over CP*
and that over CP? which is studied here. The fact that the rank of the holonomy group is now
greater than one means that the quiver diagram is no longer a one-dimensional chain but is a
higher-dimensional lattice, of dimension two in the case of CP?. We show that the condition for
a vacuum state of the Higgs sector of the reduced field theory can be phrased in terms of a non-
abelian gauge theory on the quiver lattice. A group element associated with the Higgs field can
be placed on each link of the quiver diagram, and minimising the Higgs potential requires that the
resulting gauge field flux on the quiver lattice is zero. The Higgs vacuum requires that the lattice
gauge field is gauge equivalent to the trivial gauge potential.

Another difference is associated with spinors on CP? and the treatment of the fermionic field
theory. It is well-known that CP? does not admit a spin structure, as there is a global obstruc-
tion to putting spinors on CP? associated with the fact that its second Stiefel-Whitney class is
non-trivial [13]. However, since the equivariant dimensional reduction scheme necessarily induces
topologically non-trivial monopole and instanton fields on the internal space, the reduction it-
self provides a solution to the problem of absence of spin structure on CP? by simply coupling
spinor fields to non-trivial gauge backgrounds and using spin¢ structures for line bundles or non-
abelian spin® structures for higher rank bundles. Gauge fields on CP? and their coupling to spinors
were studied in [14] [I5]. We will find that there is a unique spin® structure accommodating the
background gauge fields on CP? which generically lead to Yukawa interactions after dimensional
reduction, in contrast to the CP! reductions, whereas other choices of twisting can produce more
realistic generations of fermions. Altogether, we will explicitly display models in which the quan-
tum number assignments for the fermions are qualitatively similar to those of quarks and leptons
in the standard model.

This paper is organised as follows. In §2] we describe the kinematics of equivariant dimensional
reduction over CP?, particularly how the gauge and Higgs fields in the reduced field theory depend
on representation theory and the various irreducible SU(2) x U(1) representations that can arise
from a given SU(3) representation, as well as the harmonic expansion of zero mode spinors. In
g3l we derive the dimensionally reduced action, showing how the Higgs potential depends on the
group representation content and how Yukawa couplings are induced in the Dirac action. Some
examples are studied in detail in the ensuing two sections, one class of examples based on the
fundamental representation of SU(3) in §4l and one class based on the adjoint representation in g5l
Our conclusions are summarised in §6l Some technical details are relegated to three appendices at
the end of the paper. In §Al we calculate Chern numbers for the various equivariant vector bundles
over CP? required in our analysis. Some useful identities for equivariant one-forms on CP? are
given in §Bl Finally, the index of the Dirac operator on CP?, coupled to various topologically
non-trivial gauge field backgrounds, is computed in §Cl

2 Equivariant dimensional reduction over the projective plane
In this section we will describe the SU(3)-equivariant dimensional reduction of gauge and fermion

fields over an internal complex projective plane CP2. For some further details, see [I2]. Throughout
this section all local coordinates and fields are taken to be dimensionless.



2.1 Homogeneous vector bundles on CP?

We are interested in the geometry of the symmetric coset space CP? = G'/H, where
H = S(U(2) x U(1)) = SU(2) x U(1) (2.1)

is the holonomy subgroup of the isometry group G = SU(3) of CP2. Given a finite-dimensional
representation V of H, the corresponding induced, homogeneous hermitean vector bundle over CP?
is given by the fibred product

V=Gx H K . (2.2)

Every G-equivariant bundle of finite rank over CP2, with respect to the standard left transitive
action of G on the homogeneous space, is of the form ([22). If V is irreducible, then H is the
structure group of the associated principal bundle. We restrict to those representations V which
descend from some irreducible representation of SU(3) by restriction to H.

The Dynkin diagram for SU(3) consists of a pair of roots aj,as. The complete set A of
non-null roots is + ay,+ a9, + (1 + ag), with the inner products (a1,0q) = (ag,az) = 1 and
(1,09) = —% so that (a; + ag,a1 + ag) = 1. For the system AT of positive roots we take
a1 = (1,0), as = 3 (—1,v3) and a; + as = 3 (1,v/3). The generators of SU(3) for the Cartan-
Weyl basis are given by the Chevalley generators Ey,, En, and Eq, +a, := [Fa,, Fa,], together with
the generators H,, and H,, of the Cartan subalgebra u(1)®u(1). The non-vanishing commutation
relations are

[Hoy, Exo,] = £2FE1,, and [Hoy, Exo,] = 0,
[Ho, Etoy] = TFExa, and [Hay, Etoy] = £3E+q,,
[Hoys Bt (01 4a2)] = £ B4 (01 4a0) and (Hoys Bt (a14a0)] = £3E4 (a14an) »
[Eoy, E—oy] = He, and [Eoys E—ay] = 3 (Hay — Ha,) |
[Boitass E-ai—as) = % (Ha, + Hay) and [Biar, Bras) = Ei(aitas) s
[Etars Bx(artas)) = FEras and [Bias Bt (aitas) = £E5ar - (23)

The fundamental weights are p,, = % (1, % ) and g, = (O, % ) For each pair of non-negative

integers (k, 1) there is an irreducible representation C** of SU(3) of dimension
d* = dim (CM) = J(k+1) (1 +1)(k+1+2) (2.4)

and highest weight p = kpa, + [ pa,. We label the weight vectors of U(2) = SU(2) x U(1) in
SU(3) by (n,m) with respect to the basis (Ha,, Ha,). The eigenvalue of H,, is n = 21 and labels
twice the isospin I, so that (n + 1) is the dimension of the irreducible SU(2) representation. The
eigenvalue m = 3Y of H,, is three times the hypercharge Y, and later on we shall identify m with
twice the magnetic charge. The restriction of the SU(3) operators E1,, to SU(2) shifts vertices
along the horizontal directions of the weight diagrams, while the generators E,, and E,,tq, act
on the weights as

(n,m) — (n+x1,m+3), (2.5)

depending on which particular weight vectors (n,m) the raising operators Eq,tq, and E,, act on.

For a fixed pair of non-negative integers (k,[), the decomposition of the irreducible SU(3)-
module CF! as a representation of SU(2) x U(1) can be obtained by collapsing the “horizontal”
SU(2) representations to single nodes in the weight diagram for C*!. The corresponding collection



of weights (n,m), which we denote by Wy, ;, is conveniently parameterized by a pair of independent
SU(2) spins j+ = ji(n,m), with 2j, = 0,1,...,k and 2j_ = 0,1,...,[, that are defined in terms
of Young tableaux as follows. Represent the irreducible H-module (n,m) with (n,m) = (1,1) by
and that with (n,m) = (0,—2) by [&. Then the SU(3) — SU(2) x U(1) decomposition of the
fundamental representation

¢, =11 ® (0,-2) (2.6)

is depicted by
[] — <], ® [o]_,- (2.7)

In terms of SU(3) Young tableaux, the irreducible representation O corresponds to the diagram

1] (2.8)
k

—_——
l

and this contains all SU(2) x U(1) representations

Xl [X|O]|-|O O‘-"O|X""X‘ (29)
Eal T RS e k=2jy 24
-2 25

of dimension 2j; + 2j_ + 1 and charge 2(l — k) + 6(j;+ — j—), with multiplicity one. This gives

n = 2(jy+Jj-) and m = 6(j+ —j-)—2(k—1) . (2.10)
The integers (n,m) have the same even/odd parity. This is because the weights come from embed-
ding SU(2) x U(1) in SU(3), and as such they only give faithful representations of U(2).

The bundle [232]) with V. = Qk’l‘  corresponds to a representation of a certain finite quiver
with relations [I2] in the category of homogeneous vector bundles over CP?. The elements (n,m)
of the set W}, ; can be associated with vertices of a directed graph

(I,=(2k+)) (k+1,k=1)

2] \ \ \ \ \ \

\ \ \ \ \ \

0.2(-k)) " kke2l)

2, (2.11)
where only the four boundary corners are labelled with their values of (n,m) to avoid cluttering
the diagram. The weight morphisms ([2.5]) take the simple forms

jr(n+1,m+3) = ji(n,m)+ 3 and jr(n=1m+3) = jy(n,m),

j-(n—=1,m+3) = j—(n7m)_% and j-(n+1,m+3) = j_(n,m), (2.12)
corresponding to the horizontal and vertical arrows in ([ZII). We will refer to this graph as the
“quiver lattice”, since the vacua of the quiver gauge theories we consider later on have an elegant
interpretation in terms of lattice gauge theory defined on the directed graph (2.I1]).



2.2 SU(3)-equivariant bundles

We are interested in the structure of G-equivariant gauge fields on manifolds of the form
M = MxCP* = Gxyg M, (2.13)

where M is a manifold of (real) dimension d and G = SU(3) acts trivially on M. We will reduce
gauge theory on (ZI3) by compensating the isometries of CP? with gauge transformations, such
that the Lie derivative with respect to a Killing vector field is given by an infinitesimal gauge trans-
formation on M. This twisted reduction is accomplished by uniquely extending the homogeneous
vector bundles ([2.2]) by H-equivariant bundles £ — M.

Let €M — M be a rank p hermitean vector bundle over the space (ZI3]), associated to an
irreducible representation C*! of SU(3), with structure group U(p). There is a one-to-one corre-
spondence between G-equivariant hermitean vector bundles over M and H-equivariant hermitean
vector bundles over M, with H acting trivially on M [7]. Given an H-equivariant bundle E*! — M
of rank p associated to the representation C** ‘  of H, the corresponding G-equivariant bundle over
M is defined by induction as

EM =G xy EM. (2.14)

The action of the holonomy group H on E¥! is defined by the isotopical decomposition

ERL = EB Epm® (n,m) with By, = Hompy((n,m), Ek’l) , (2.15)
(n,m)eWy

where (n,m) are the irreducible H-modules occurring in the decomposition of Qk’l‘ ;- The vector

bundles E,, ,,, — M have rank p,, ,, and trivial H-actions. The rank p of ERl g given by

p= Y (n+1)pum. (2.16)

(n,m)Ekal

The action of the SU(3) operators Ei,, and Ei (4, 4a,) 15 implemented by means of bi-
fundamental Higgs fields qﬁfim € Hom(E, m, Epnt1,m+3). These bundle morphisms realize the
G-action of the coset generators which twists the naive dimensional reduction by “off-diagonal”
terms. This construction explicitly breaks the gauge group of the bundle E*! as

U(p) - H U(pn,m) : (2'17)
(n,m)GWk’l
With
Hpm =G xg (n,m) (2.18)

the homogeneous bundle (Z2]) induced by the irreducible H-module (n,m), the structure group of
the principal bundle associated to

= P EnmBHom (2.19)

(n,m)eWy

is then H x H(n,m)EWk,l U(pn,m)-



2.3  Canonical connections on CP2

Let us describe the unique G-equivariant connection on the vector bundles associated with the

principal H-bundle

SU(3) S(U(2)xU(1))

The projective plane can be covered by three patches, and on one of these patches we choose
complex coordinates

cP?. (2.20)

y!
Y = <y2) and vi = (171 g2) (2.21)

with YTY = ¢4 and i = 1,2. Introduce the column one-form
_ ok _. 1 . 7 o
6= |- with 6= —dyt — —F——¢ di’ (2.22)
3 gl gl

where
vi=1+7ty . (2.23)

The (1,0)-forms ° and the (0, 1)-forms 3 constitute a G-equivariant basis for the complex vector
spaces of forms of type (1,0) and (0,1) on CP?, respectively, and give the horizontal components
of a flat connection Ay tangent to the base of the bundle ([2.20]) [12].

Consider the G-equivariant field given by

1,

a= _W (yZ dy' — ' dy’) ) (2.24)

The one-form ([Z24]) is the u(1)-valued monopole potential on CP? which can be described as the
canonical abelian connection on the Hopf bundle

U(1)
-

S5 =U(3)/U(2) cP?. (2.25)

The complex line bundle £ — CP? associated with the principal U(1)-bundle (Z:25]) is the monopole
bundle over CP? which we take to be endowed with the same u(1)-connection a. It is a represen-
tative of the isomorphism class in H'(CP?; U(1)) = Z corresponding to the abelian field strength

faqy = da = B AB + 3P AB2. (2.26)

Higher degree monopole bundles £,, 5 := (£®m) /2 are endowed with the connection 5 a. These
bundles are associated to higher weight irreducible representations (m) of the fibres of (225 but
only exist globally when m is even, as only then is the first Chern number 7 an integer. Never-
theless, odd values of m are necessary for construction of the U(2) bundle Q@ with curvature Fy
below and, as we shall see, for considering invariant spinors. The justification for calling 5 the
“monopole charge” is explained in §Al The monopole field strength of charge % is a (1,1)-form

proportional to the canonical Kihler two-form on CP? defined by
w=1iR*(B' A B + >N 5?) (2.27)
where R is the radius of the linearly embedded projective line CP! ¢ CP? whose homology class
is Poincaré dual to the cohomology class of ([2.20]).
Consider now the G-equivariant field B € u(2) defined by

B:?(_%d(yw)thYdYuAdA), (2.28)



where

1
Ai=yly——— YV, 2.29
Tl (2.29)

The one-forms B — %tr(B) 15 and a on CP? give the vertical components of Ay with values in the
tangent space su(2) @ u(1) to the fibre of the bundle ([2:20]), and together with the forms (2:22])
they obey the Cartan-Maurer equations

dB+BAB+2aANp3 =0 and dB—BAB—-2aAB = 0. (2.30)
The u(2)-valued curvature
Fyo) == AB+BAB = BAB" = Fuo + 3 fun) 12 (2.31)
can be expressed in terms of the abelian field strength ([2.20]) and the curvature

1 (3L A3l _ 32 A 32 31 A 32
3 (BANB =B°AB B NB
Fap) = |’ ( 3 A gl ) Vg g2y = BotByABa (232)
BN —3 (B ABT =32 A )
of the gauge potential By = B — $a 1y € su(2). The one-form By is the su(2)-valued one-
instanton field on CP? considered as the canonical connection on the SU(2)-bundle

7T =11 = S x, SU(2) (2.33)

associated to the Hopf bundle ([225]) by the diagonal embedding p : U(1) — SU(2). Its cur-
vature Fy,(9) is also a (1,1)-form on CP?. Higher rank instanton bundles Z,, are endowed with
G-equivariant one-instanton connections By, € su(n + 1) and fibre spaces in (n + 1)-dimensional
irreducible representations of the SU(2) fibres of the bundle ([2:33)). As explained in §Al the bundle
Z,, is only globally defined for even values of n. For a given representation (n, m) of the holonomy
group H = S(U(2) x U(1)), the corresponding homogeneous vector bundle (2.2)) is given by (2.I8])
and can be identified with Z,, ® L£,,, /5.

2.4 Invariant gauge fields

To determine the generic form of a G-equivariant connection one-form A on the vector bundle
ERL — M, let us assume for simplicity that M (and hence M) is a complex manifold. We decompose
the space Q%! (End(£%1))¢ using the Whitney sum (ZI9). By Schur’s lemma, corresponding to
each weight (n,m) € Wy there is a “diagonal” subspace

("N (End(Epm) @ 1nt1) @ (L., @ QN End(Hnm)Y) , (2.34)

Pn,m

in which we can choose a connection A™™ on the bundle E, ,, — M twisted by a G-equivariant
connection on the homogeneous vector bundle H,, ,,, — CP? constructed from the gauge potentials
a and By of §23l To each weight morphism (Z.3]) there is an “off-diagonal” subspace

QO(Hom(En,m,Enil,m_;_g)) & Qo’l(Hom('Hn,m,Hnj:l,m.:,_g))G, (2.35)

in which we twist the Higgs fields qﬁim by suitable invariant (n £ 1+ 1) x (n + 1) matrix-valued
(0, 1)-forms built from the basis (0, 1)-forms 3¢ spanning Q%! (CP?)% that were constructed in §23
Thus the condition of G-equivariance uniquely dictates the form of the gauge connection A in
(n+1)ppm X (n£14 1) ppt1m+3 blocks.

To appropriately assemble the invariant (0, 1)-forms into rectangular block matrices, we will
use the Biedenharn basis for the irreducible representations C**! of SU(3). The complete set of d*!



orthonormal vectors in this basis set are denoted ‘Z, m>, and are labelled by the isospin quantum
numbers n = 2I, ¢ = 2I, and the hypercharge m = 3Y. These states define the spin 5 repre-
sentation of the isospin subgroup SU(2) C SU(3) and are hypercharge eigenstates with the matrix

elements

Hold,m) = qld,m), (2.36)
Eig|i,m) = 3VnFq) (ntq+2) |et2, m), (2.37)
Ho,ld,m) = mls,m), (2.38)
Eald,my = EL|q7, m)y+E,[q, m) (2.39)

+1 _ —1
= 5 AL (nm) a1, m 4 3) + /5SS A (n,m) [g-1, m+3)
EO‘1+0‘2‘Z’ m> = E;—1+a2 a > Ea—1+a2|q7 m> (2'40)

= /et A;l(n,m)|q+1,m+3>+ sty Apa(n,m) |q+1 m+3)

where
Afy(n,m) = W\/k+21+ +24+2) (B +z+241) (BE-2-2),
A (nm) = (B2 omgmpq)(lkynomy(Zn_myg) (241

The latter constants are defined for n > 0 and we set A, ,(0,m) := 0. The analogous relations for
E_,, and E_,,_,, can be derived by hermitean conjugation of ([2:39]) and (2:40l), respectively.

For a fixed weight (n,m) € Wy, we write the one-instanton connection B,y = B ;, in the
(n + 1)-dimensional irreducible representation of SU(2) as

Bum = B“H, +B?E, — (B?E,)

= X (aB" i, m) (i m| + 3 B2V =) (n+ g+ 2) a2, m)(F, ml
q€Qn

—%@\/(n—l—q) (n—q+2) |qz2, m)(q, m‘) (2.42)

where Q,, := {-n,—n + 2,. —2,n}, and BY are the matrix elements of the su(2)-valued
instanton connection B(j) = B — = a 1,. The monopole potential is represented in this basis by
%aHOQ. Denote by

nm = Z ‘Q, <f1, m! (243)

q€Qn

the projection of C*+ ‘ onto the irreducible representation (n,m) of H = SU(2) x U(1). We further
write

6 - 61 a1+a2+52 E(:th = Z Bim’ (244)

(n,m)eWy

where

klnm

\/2 n—l—l

Bt Z (VaEqr 1213 [53, m+3)(i, m|

VR FgHIEL P [, m3) (5, m])  (245)
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are the (n+1+1) x (n+ 1) matrix blocks of G-equivariant elementary bundle morphisms between
Hp,m and Hy+1,m+3, together with their hermitean conjugates ﬂim = ﬂf;mT.

By introducing the projection m, ,, onto the sub-bundle FE, ,, — M, the anti-hermitean G-
equivariant gauge connection A on the bundle (ZI9) over M x CP? can be written as

A= ¥ (A”’m My + T @ (B + 2 a Ty ) (2.46)
(n,m)EW
G @ B + G @ B — G’ @ Bl — b’ © B )
Note that when j; = %, one has A:’l(nﬂzl) = 0 for all j_ and when j_ = 0, one has A, ;(n,m) = 0
for all jy, so the corresponding fields ﬂim and qﬁfim also vanish. These two cases correspond
respectively to the rightmost and bottom edges in (2I1I]). We can thus associate the Higgs fields

¢yt with the horizontal links in (ZIT]) and ¢, ,,, with the vertical links. Then there are a total of
2kl + k + | independent fields (ﬁim.

The matrix elements of the curvature two-form
F=dA+ AN A (2.47)

are straightforwardly computed in the Biedenharn basis by using (Z30)-(232]) [12]. For each weight
(n,m) € Wy ; one finds the diagonal matrix elements

Frmnm = F @1+ (Lp — O Om) @ (Bl A B
+ (Lo = G Drm) © (B A o)
+ (Lppr = O 1ms ﬁb:f—l,m—?,T ) © (B 13 N B 1m3)
+ (Lpn = Srrtmes Ssroms ) ® Brstmos A Brrrmes)  (248)

where F™™ = dA™™ 4 A™™ A A™™ is the curvature of the vector bundle E,, ,,, — M, while the
non-vanishing off-diagonal matrix elements are given by

FENIESII = Dy N B = (A + AT G — gAY A B, (2.49)

and
Frotbmasintlm=s - (@Jam Prs1m—3 ~ Pntom ¢:;+1,m—3) ® (B:er N 67:+17m—3) , (2.50)
Frtmasinshmts - —(gF ;,mT - ¢T_L+1,m+3T Sn1ms3) @ (B A Bum) (251)
along with their hermitean conjugates F"*i™m = —(Fnmim)T for (r,s) # (n,m). The matrix

elements (2.49]) define bi-fundamental covariant derivatives Dqﬁm of the Higgs fields. The matrix
one-form products appearing above are written out explicitly in §Bl

2.5  Invariant spinor fields

Let M be a complex manifold, so that d = dimg (M) is even, and let K = /\%/2 (T* M) be its canon-
ical line bundle. If ¢;(K) = 0 mod 2 then M is a spin manifold, while generically K determines a
canonical spin®-structure on M. The corresponding spin®-bundles are denoted A (M) = A»*(TM)
and are obtained by twisting the usual spinor bundles associated to the principal Spin(d)-bundle
Pspina) — M by K ~1/2 By spinor fields on M or M we shall always refer to sections of such
spin®-bundles.



The equivariant dimensional reduction of massless Dirac spinors on M x CP? is defined with
respect to (twisted) symmetric fermions on M. They act as intertwining operators connecting
induced representations of the holonomy group H = SU(2) x U(1) in the U(p) gauge group, and
also in the twisted spinor module A (M) which admits the isotopical decomposition

AM) = P Aum®(m)  with Ay, = Homg((n,m), A(M)) (2.52)

(n,m)eWy

obtained by restricting A (M) to representations of H C Spin®(d) = Spin(d)xz, U(1). By Frobenius
reciprocity, the multiplicity spaces may be identified as

Apm = (A M) @ (Hpm)) (2.53)

and hence the isotopical decomposition (2352]) is realized explicitly by constructing symmetric
fermions on M as SU(3)-invariant spinors on M x CP?. They are associated with the eigenspinors
of the twisted Dirac operator on CP?, which we describe in some detail.

There is a global obstruction to defining spinors on CP?, but a spin® structure can be defined
by twisting the usual spinor bundle with half-integer powers of the monopole line bundle £. At
the level of the twisted Dirac operator, this can be achieved by changing the coupling to the U(1)
component of the invariant gauge potential (240, and we therefore propose this as a method for
describing spinors globally on CP?. The complete spectrum of the Dirac operator on CP?, coupled
to arbitrary instanton and monopole backgrounds, was worked out in [I6]. The eigenspinors for an
arbitrary monopole background, without instantons, were constructed in the context of the fuzzy
projective plane CP% in HIZI] while the number of zero modes in a rank two instanton background
with arbitrary monopole charge was originally computed in [3]. The number of spinor harmonics
in a generic instanton background and with arbitrary monopole number is computed in §Cl In this
section we will restrict attention to zero modes of the Dirac operator on CP?2.

Recall that the pairs (n,m) € Wy appearing in (2.40) have the same even/odd integer par-
ity. Suppose we try to write down a Dirac operator acting on spinors on M x CP? coupled
to the gauge connection (2.46]), transforming under some fixed representation p of the subgroup
H(mm)eww SU(pn,m) of the gauge group and under the same weights of U(2) as those occurring
in the decomposition (2.46]). Such spinors couple to topologically non-trivial SU(2) x U(1) gauge
potentials on CP2. Then there will be an inconsistency because the index of the Dirac operator
is fractional, reflecting the fact that spinor fields are never globally well-defined on CP? in these
backgrounds. For a generic SU(2) x U(1) representation (n,m), the index is calculated in §Cl to be

Vbn =3 (n+1) (b+1) (n+b+2) (2.54)

where b = m_T"_?’ If n and m have the same parity then b is not an integer.

To avoid this obstruction, we modify the Dirac operator by twisting it with a half-integer power
Lz, ¢C € Z—l—% of the monopole line bundle £. The Dirac operator acting on four-component twisted
spinor fields X, m.z € 0 (Hp,m42¢) on CP?, coupled to the rank n + 1 instanton connection and
magnetic monopole potential of charge % + ¢, is then

Pepr= > (Pere Tum+ Ban+ (3 +7) ¢ 1) | (2.55)

(n,m)eWy

where @ p2 is the naive Dirac operator on CP? involving only the spin connection. The index for
m—n—3

weight (n,m) is again given by (254)), but now this is an integer when b = ¢ + ™==. Since b

"Monopole line bundles on CP% are also discussed in [I8].
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depends only on (n,m), and on ¢ which is half-integer, we denote it by by, ;5,+c Where ¢ = 2¢ is an
odd integer. Then the index for a given irreducible U(2)-module (n,m) is

D=

]/n7m =

For fixed ¢ we shall denote the positive/negative chirality zero modes of the Dirac operator
2355) by Xim € C2. From the explicit construction in [I7], it is known that for n = 0 the index
coincides with the total number of zero modes, so either all spinor harmonics have positive chirality
or all have negative chirality. We will assume that the same property is true for all n > 1. Although
we do not have a rigorous proof, this seems plausible given the natural identification of the virtual
zero mode eigenspaces of D p2 with irreducible representations of SU(3) discussed in @H With
this assumption, in a suitable basis there are chiral decompositions

N
Depz = Y (9 8m> (2.57)

(n,m)EWkJ n,m

of (253 into twisted Dolbeault-Dirac operators ﬂ)im, such that the index (2.50)) is the virtual
dimension of the vector space ker ( :;m) O ker (ﬂ);m) Then X, # 0 only when (n,m) € W,f I
where

Wlf,l = {(n,m) € Wi, | £ vpm>0}. (2.58)

We fix a basis of chiral/antichiral spinor harmonics x , € ker (lDfLEm), C=1,...,|vpm| for each
weight (n,m) € W,f ;- They transform for each £ in the (n4-1)-dimensional irreducible representation
of the isospin subgroup SU(2) C H of the holonomy group.

We can now use (2.53)) to take tensor products of the Dirac zero modes on CP? with (twisted)
Dirac spinors ¥, m.¢, ¥n m:e € Q0° (p(Enm)), ¢=1,...,|Vpm| on M to produce fermion fields

VUn,m
\Ij;;m = Z w"vm%@X:L—,m;Z and \I’;,m =0 for (nvm) € W]—:,l )
=1
lvnm|
Uom = Z Vnmit @ Xyy s and v, =0 for (n,m)eW,;,. (2.59)
(=1

Note that the spinors W¥ are not chiral on M x CP%. From these fields we construct a G-

n,m

equivariant Dirac spinor field on M = M x CP? as

U o= (ii) - &P (i@”) : (2.60)

(n,m)eww n,m

3 Quiver gauge theory

In this section we shall work out the equivariant dimensional reduction of pure massless Yang-Mills-
Dirac theory on the manifold (2I3]). We will emphasise the roles played by the SU(2)-instanton
and U(1)-monopole background fields on CP?, particularly how they affect the vacuum structure
of the quiver gauge theory corresponding to (2IT]). We shall also compare the induced equivariant
gauge theory on M with that obtained via dimensional reduction over CP! [10].

2In any case, if this is not true then the same qualitative conclusions below will hold, but the notation would have
to be modified to incorporate the extra spinor harmonics.
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3.1 Reduction of the Yang-Mills action

We endow the manifold M with local real coordinates = = (z#) € R?, where the indices y,v,. ..
run through 1,...,d. The metric

ds? = Gap dz? ® dzP (3.1)

on M = M x CP? will be taken to be the direct product of a chosen riemannian metric on M and
the canonical SU(3)-symmetric Kéhler metric on CP? corresponding to the two-form (Z2T), where
the indices A, B, ... run over 1,...,d + 4. Working in the basis %, 5 of invariant forms on CP?
and in the coordinates above, it takes the form

ds? = Gy, dat @ da” +2R? (B @ B + 3% @ 5?) . (3.2)

The line element (3:2]) has mass dimension —2.

The pure Yang-Mills lagrangian on M = M x CP? is given by

Kl 1
Lynm = I 1G] trp, Fap FA8
R K Fo FI 4 o GO (F Fo - Fu o
B _4_92 | | Tpxp 224 +ﬁ ( we v+ e yz)
1
= o1 (il + Pl + 21705 + 2 F0f7) (3.3)

where we use the matrix notation |F|? := 1 (FT F + FFT), and i = 1,2 labels components along
CP? in the basis used in ([32)). The (d+4)-dimensional U(p) Yang-Mills coupling constant § has the
standard mass dimension —4 in order to make (3:3) dimensionless. We substitute (Z48)-(251) into
B33]), and take the trace over the representation space (n,m) for each weight (n,m) € Wj,; making
use of the identities of §Bl We then integrate over CP? using the normalization f(cpz Byol = 1,
where By := # BYA YA 32 A B2 is the unit volume form of CP2.

After some calculation and rescaling qﬁim — A,f (n,m) ™! qbim, one finds that the dimensional
reduction of the corresponding Yang-Mills action

il / g ThL (3.4)
M xCP?
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is given by

7 R?)? v
sy = OO0 [ via Y s | (0 1) (7)), (7

2~2
g (n,m)eWy

P2 (0,00 (D) + L (D00 ) (D6 1)

+ 57z (D) (D"0r) + 7;—;21 (Dutrsn-s) (D" b))’

F 2 (M) L = T 07m) + 5t (Nt ()2 Ty = bt Grn)
O (= m =3 Ty 6 a Shrms!) 35

(TL + 1)2 — 2 _ _ 2
+ 2(n + 2) R4 (Ak,l(n + 17 m — 3) 1pn,m - ¢n+1,m—3 ¢n+1,m_3T)

N n(n+2) o ot A,J;l(n, m) A,;l(n, m) - gt ‘2
2(’1’L + 1) R4 |Tm Y n,m A—]:,l(n —1,m+ 3) A];l(’I’L +1,m+ 3) n+lm+3 Yn—1m+3
+n+3 . - ALy (nym) Ay (n+1,m — 3) P ‘
G6RY |7mm Pntlm=3 A;l(n +1,m —3)A_,(n+2,m) n+2,m Fntlm-—3 )

From (2.49) it follows that the U(1) factor in the structure group U(p) = U(1) x SU(p) does not
enter the bicovariant derivatives of the rectangular scalar fields qbim. We can therefore restrict to
gauge group SU(p), and the decomposition (217 is then modified to

SU(p) — UEDED e T SU@em)  with > (4 Dpam = p (3.6)
(n,m)Ekal (n,m)ewk,l

where (k4 1) (I + 1) is the number of elements of the weight set Wy, ;.

The gauge coupling in d dimensions should have mass dimension 2 — g, and therefore we define
g% = §?/2(m R?)? as the d-dimensional gauge coupling constant. We then rescale
+ 29 R + , ;

P — \/ﬁ Drom and AT — \/%—1—1 Am (3.7)
so that the scalar and gauge fields have the correct canonical dimensions and kinetic term nor-
malizations for a d-dimensional field theory (with dimensionless coordinates). The Higgs potential
in the scalar fields gbim in (B3] generically leads to spontaneous symmetry breaking, as a direct
consequence of the non-trivial background instanton and monopole charges on CP2. Since this
potential is a sum of non-negative terms, it is easy to write down the general structure of the vacua
in the Higgs sector of the field theory. In particular, they obey the equations

(n+1+1) Ail(n, m)?

+ +
¢n,mT ¢n,m - 492 R2 1pn,m ’
+ 2
b gt T (n+1£1) Ay, (n,m) X (3.8)
n,m Yn,m - 492 R2 Pntl,m+3 * .

The vanishing of the last two terms in (B.5]) represent the relations of the quiver (ZI1]) [I2] and has
a natural algebraic meaning in terms of the operators

S Ail(njm)—lgbim®< S (VaEg TE [ m+3)(im| (39)

(n,m)EWy, ; q€Qn

N CEYESES \Zf%,m+3><27m\)>
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defined with respect to the Biedenharn basis of §2.4]1 Then, in addition to ([B.8]), the Higgs vacua
are determined by the matrix commutativity relations

(07, ¢7] =0 and [pT,¢ "] = 0. (3.10)
When p,, ,,, = r for all weights (n,m) € Wy, the gauge symmetry reduction is given by
SU(p) — U)FD D=L qu)E+HD D with p = 7 d®! (3.11)

where d®! are the dimensions (Z4]). In this special case an explicit solution of ([3.8)) is given by

qﬁfim = ¢+ 9 where
L o0 vn+1+1 Af’l(n,m) -

n,m >
n,m - 2gR n,m

for (n,m) € Wy ;. This solution involves 2k [+ k+[ unitary degrees of freedom Uﬁf,m € U(r), one for
each Higgs field (JSim. We can associate each such unitary group element with a link of the lattice
[2I1), which defines a gauge field on the quiver lattice. However, they are not all independent,
because the commutation relations ([BI0) require that they obey

Un_+1,m+3 U;r,m = U;—1,m+3 Un_,m ) (3.13)

which is equivalent to requiring that their oriented product around the four links of any plaquette
in the quiver lattice must be equal to unity. Thus the Higgs vacua correspond to flat connections
of lattice gauge theory on the finite quiver lattice. However, there is no vacuum moduli space,
because we can set kI + k + [ of these unitary degrees of freedom to the identity using a gauge
transformation in the U(r)(#+1) (+D=1 subgroup of (FII)), and then eliminate the remaining ones
using the k[ plaquette relations ([B.I3]). Thus the solution (3.12]) breaks the gauge symmetry of the
d-dimensional field theory on M to the diagonal SU(r) subgroup, leaving (k1 + k + 1) r> massive
gauge bosons and (3k 1 + k + 1) r? physical Higgs fields. This mechanism induces physical masses
proportional to }%. In subsequent sections we shall work out some explicit examples.

(3.12)

3.2 Reduction of the Dirac action

To describe the form of the fermionic action for the invariant spinor fields constructed in §2.51 we
first need to set up some Clifford algebra notation. The left-invariant one-forms defined in (2.22))
are proportional to orthonormal one-forms on CP? and they define vierbeins e’, on CP? through

. 1 . _. 1 -
3 = Ee’a dy® and 5 = Ee’a dg® , (3.14)

where ¢ = 1,2 is an orthonormal index and a = 1,2 is a coordinate index. With M a complex
manifold as in §25] the generators of the Clifford algebra C/(M x CP?) obey

M8 4814 = 2648 1,400 with AB = 1,...,d+4. (3.15)
The gamma-matrices in (I5) may be decomposed as
{FA} = {I*, 1,1} with T = 4**®@1;, T = y®7* and T? = y®@7* (3.16)

where our convention is T*T% 4 T%T% = —G% 1,452 in complex coordinates. The 242 x 24/2
matrices v# = —(y*)! act locally on the twisted spinor module A (M) over the Clifford algebra
bundle C/(M) — M with the relations

’7“’7”4"7”’7” — oG 12d/2 with v = 1,...,d, (3.17)
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while

142\/G
1
Y= o G with ()7 = T and 90f = oMy (3.18)

is the corresponding chirality operator. Here €, . ,, is the Levi-Civita symbol with €. = + 1.

The coordinate basis gamma-matrices 7% and 7% on CP? are related to their orthonormal
counterparts by
i

o' = ie'yt® and o = —iegT” (3.19)

with the normalisation chosen so that
olol +olo" =691y . (3.20)

It is a standard construction [I9] to choose a basis in which (¢%)? = (¢*)? = 0, and to associate o*
and o’ respectively with creation and annihilation operators acting on a fermionic Fock space with
vacuum vector |2) such that 0|Q) = 0. A general Fock space state

1X) = x0(¥,7) ® Q) + xa(y, §) @ "[Q) + 2 x35(y,7) @ "7|Q) (3.21)

with 0”7 := 1 [07,67], corresponds locally to a Dirac spinor on CP?, though of course it may not

extend to a global spinor field. The chirality operator on CP? is & = [01, 01] [0’2, 02] and x7 are
the two components of a negative chirality spinor, while xo and x73 are the two components of a
positive chirality spinor. In terms of holonomy, y; is a doublet of SU(2) while xo and x75 are both
SU(2)-singlets.

An alternative way of understanding these representation assignments, which will be useful in
later sections, follows from the general construction in [16]. Spinor fields on CP? transform in the
4 x 4 (reducible) spinor representation of H = SU(2) x U(1) given by

YE, = ol o? and YE . = EEQIT = oot

YH,, = olol — 0?02 and YH,, = olol +020? -1y . (3.22)

=

These generators constitute a traceless representation of the su(2) @ u(1) subalgebra of ([Z3)), as is
easily checked using ([3:20]). The representation content is revealed by evaluating the second order
Casimir invariants of SU(2) and U(1) to get

1 21 2 _ 3 ~ 1 2 _ 1 ~

32, [ 45 (Bn,)” = §(a-7)  and 5 (Zm,) = 5(1a+7). (323)
It follows that negative chirality spinors live in the representation (1,0), while positive chirality
spinors are given by a pair of SU(2)-singlets with opposite hypercharge Y = +1 in the H-module
(0,£3).

These states correspond respectively to the instanton bundle Z, with fibres transforming under
the representation (1,0), and the monopole line bundles £ 3 /2, with fibres transforming under
the representation (0,4 3). None of these bundles is globally well-defined of course. In order to

get well-defined bundles on CP?, we must tensor the would-be spin bundle with non-trivial gauge
bundles Z,, @ L /o whose fibres transform according to the representation (n,m ) of SU(2) x U(1)
with n and m = m + ¢ of opposite even/odd integer parity. These bundles do not exist on their
own but, as described in §2.5] their tensor product does. The complete SU(2) x U(1) representation
content of these bundles is given by the decomposition into irreducible modules

(nm) @ ([(LO)] & [(03) & (0,-3)]) = [(n+1m)® (n—1m)]
& [(n,m+3) @ (n,m—3)] (3.24)
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where the square brackets segregate the spinor chiralities.

For each weight (n,m) € Wy, the complete spectrum of the twisted Dirac operator on CP?
consists of 4(n + 1) families of infinite discrete sequences of eigenvalues, one family for each state
on the right-hand side of (8.24]). The non-zero eigenvalues come in positive and negative pairs
giving the 2(n+ 1) sequences listed below. The spectrum therefore grows rapidly more complicated
as n increases. Note that at least some of the corresponding eigenspinors must necessarily have
different assignments of SU(2) x U(1) quantum numbers for their two chiral components. After
dimensional reduction, the eigenspinors on CP? with non-zero eigenvalues will induce a total of
4d*! infinite discrete families of fermion fields on M with both a kinetic mass term, given by the
Dirac eigenvalues on CP?, and Yukawa couplings.

The eigenvalues and their multiplicities can be read off from the explicit formulas of [16, §B].
There are 2n + 2 infinite sequences, with n + 2 families coming from the states in (n/,m ) with
n’ = n + 1 and n families coming from the states with n’ = n — 1. Denoting the eigenvalues by )‘WN

and their degeneracies by dy, we distinguish each sequence by n + 2 integers n4 and n integers 7_
with

o= N(N+n+3)+n3_+@(2N+n+3)—%|T7L‘+n+2, (3.25)

dy = <2N—|—n—|—3+6+(477+—|’f7b|)> (2N—|-n—|—3—e+(277+—|77L|)) (2N—|—n+3—|—|77+|)

1
8

forn’ =n+1, and

o= N(N+n+1)+n3+@(2N+n+1)—%W : (3.26)
dy = %<2N+n+1+e_(4n_—|r%|)> (2N—I—n—|—1—6_(277_—|7%|)) (2N+n+1+|n_|)
for n’ = n — 1, where

ne = —t(ntl+im|),....3(nt1+|m]). (3.27)
In both cases N = 0,1,..., while e =1 for ny > 0 and ex = —1 for ny < 0. We shall see some

explicit examples in the following sections.

We will now construct the £¥!-twisted Dirac operator P = I'4Dy4 on M = M x CP?2, cor-
responding to the equivariant gauge potential A in (Z46]) and acting on the spinor fields (2.60I),
in terms of the spin® Dirac operator [@355) on CP? and the E*!-twisted spin® Dirac operator
D =~* D, on M. The latter operator is given by

D= > (Pu-35k+A")T0m (3.28)

(n,m)EWy, ;

where @,, is the naive Dirac operator on M involving only the spin connection on the principal
SO(d)-bundle Pyo(g) — M and the generators of SO(d) in the spinor representation, while # is an
anti-hermitean connection on the canonical line bundle K — M. Using (3.14]) and (819 one then
finds

D = DL+ 7® Depe (3.29)
1 _ _ _ _
+ E Z (qs;t,m TR Urtm + ¢n,m T® Onm — (b;iz_,mT TR O'r—iz_,m]L - ¢n,mT e Un,mT)
(n,m)eWy

16



where, in complete analogy with (2.44]) and (2.45]), we have defined

ot = icl@EL,, +id?®EL = Y ot (3.30)
(n,m)EWE

Using the twisted Dirac operator (3.29]), we may define an euclidean fermionic action functional
on the space of L2-sections (Z60) by

Skl = / Aty /1G] U pw | (3.31)
MxCP?

where W has canonical mass dimension %(d +3). In lorentzian signature the adjoint spinor WT

should be replaced by W := ﬁ UiTO. For definiteness, we shall only consider the case where the
spinor field ¥ transforms under the fundamental representation of the initial gauge group SU(p).
Other fermion representations of SU(p) can be treated similarly. We substitute (2.59) and integrate
over CP? in (331I). The zero modes of D p2 can be chosen to be orthogonal and normalised such

that
/(CP2 XTjL:’,m’;f’T XT:lL:,m;Z 5V01 = 5%,11’ 5m,m’ 5@,5’ and /(CP2 Xi/7m/;g/1— XT:lL:,m;Z 5\701 =0 N (332)

where the second equality follows from the fact that the sets W;', and W, , in ([Z58) are disjoint.
Since XriL m.¢ are spinor harmonics on CP?, one might naively expect that the fermion fields Y mse

and szm;g will be massless spinors on M. However, the Higgs field terms in (8:229) can give rise to
Yukawa couplings and, due to spontaneous symmetry breaking, induce masses of order 1—1% to the
d-dimensional spinors. We shall now explain precisely how this comes about.

Recall that the fermion zero modes depend on the twisting parameter ¢ = 2¢ introduced in §2.51
We will now show how to uniquely fix this free parameter such that the reduction of the action
B31) generically contains Yukawa couplings. We consider background gauge fields on CP? for
which the index (2.50) takes values vy, ,, = £ 1. The spinor harmonic modes are particularly simple
in this case [14]. They arise as a result of the gauge connections of the SU(2) x U(1) gauge theory on
CP? exactly cancelling the spin connection, so that the Dirac operator truncates to the (untwisted)
Dolbeault operator on CP? and the components of the spinors in (B21)) are simply constants. Note
that this can only occur when n = 0,1, and hence by 2I0) for m = —2(k — ), —2(k — ) £ 3. For
any given irreducible SU(3)-representation C*, it is easy to deduce from (ZB56) that the unique
spin® structure on CP? accommodating these fields has twisting parameter

c=2k—1)—3. (3.33)

Then the chiral fermion mode with (n,m) = (0,—2(k — 1)) (and vy, ,, = +1) will have a Yukawa
coupling to the antichiral mode with (n,m) = (1, —-2(k — 1) + 3) (and vy, = —1)E|

The positive chirality mode with respect to the Biedenharn basis of §2.4]is given by
0
Xo,_ak_py = 19 @0, =2(k = 1)) (3.34)

while the negative chirality mode, which is a doublet of the SU(2) gauge theory on CP?, is

_ 1 1
X1,-2(k—1)+3 = 2 (01\Q> ®

1 =2k —1)+3) +0%Q) ® |1, ~2(k— 1) +3)) . (3.35)

3For I > 1, one can alternatively choose ¢ = 2(k — ) + 3, and couple the chiral mode with (n,m) = (0, —=2(k — 1))
to the antichiral mode with (n,m) = (1, =2(k — 1) — 3).
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From the explicit formulas ([2.41)) one finds A, ,(0, —=2(k — 1)) = A, ,(1,—2(k — 1) +3) = 0, and
consequently the only contributing operator from (8.30) is given by

O ey = S VEIT2) <0 |1, —2(k—1)+3)(0, 2(k—Z)|+a?®|_11,—2(1c—Z)+3><8,—2(k—z)\>
(3.36)
with

08:—2(k—l)X8_,—2(k—l) = iVk(l+2) X1, —2(k—1)+3 *
8:—2(k—l)xl_,—2(k—l)+3 = WVk(+2) X(J)r,—z(k—l) : (3.37)

These are then the only surviving contributions from the Higgs field terms in ([3:29]) after integration
over CP? using (3:32).

We now rescale the bosonic fields as in (7)) and the fermionic fields as

g

djn,m;é B md}n,m;é and {/;n,m;é — m{/;n,m;éy (338)

in order to give all fields the correct canonical dimensions and kinetic term normalizations on M.
Putting everything together, the dimensional reduction of the Dirac action (B3I is given by

S5 = [V XY () Pltnm)
M (nm)EWﬁ (=1

\Vnml

(n,m)eW, =

2k(1+2)g < (Tllo,—2(k_z))T ¢5f_2(k_l)T V1, —2(k—1)+3

+ (¢1,—2(k—1)+3)T ¢f{_2(k_l) Tﬂo,—z(k—z))] ;

where we have abbreviated Yo _o—1) = Yo, _ok—1)0 and ¥1 _ok—1)4+3 = Y1, —20k—1)+30- The
fermion fields 1y, ;¢ and szm;g for each £ =1,..., |vy | transform in the fundamental represen-
tation of SU(py,m). The dimensionally reduced field theory thus contains Yukawa interactions for
all £ > 0. If the Higgs field qﬁar’_z k—1) acquires a non-zero vacuum expectation value (baf _2(k_l)0 by
dynamical symmetry breaking, then the fermion fields 1y _ox—;) and ¥ _9(x—;)43 acquire a mass
matrix. In the special case ([B.12]), the positive eigenvalue of this mass matrix is

k(l+2)

HEl = \/§R (340)

3.8  Chain reductions

To exemplify the quantitative differences between the quiver gauge theory defined by (3.3 and
those studied in [I0] which are obtained via SU(2)-equivariant dimensional reduction over the
projective line CP!, let us set [ = 0 and consider the reductions associated to the irreducible
SU(3)-representations C*°. 1In this case j_ = 0 in (ZI0), so that the monopole charges and
instanton ranks are correlated as (n,m) = (n,3n — 2k) with n = 0,1,..., k. With py, := p, 3n—2,
the explicit gauge symmetry breaking pattern is given in this limit by

k
SU(p) — U(1)" x H SU(p,)  with > (n+1)p, = p. (3.41)
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Although similar to the symmetry reduction patterns of [10], the rank decompositions in ([B3:41]) are
controlled explicitly by the instanton ranks n + 1.

From (ZZI)) one also finds A j(n,3n — 2k) = 0 and A} ,(n,3n — 2k) = \/(n+ 1) (k —n). It
follows that B,: an_op = 0 for all n = 0,1,...,k, and consequently all fields ¢, ,, are absent from

(Z74). Thus in this case the two-dimensional quiver lattice of equivariant fields on M labelled by
W, ; truncates to a one-dimensional chain

(0,-2k)  (1,3-2Kk) (k,Kk)
o—oo—> - —
+ +
Po,—2¢ Pr-1,k-3 (3.42)

Denote ¢p41 := qﬁj;?m_% and A" = A"’?’"_Zk, with

F" = dA" + \/57_,_1 AN AT and D¢n+1 = d(bn—i-l +g (\/7117_’_2 An+1 ¢n+l - \/%-i-l ¢n+l(An) )
3.43

Then the action (B.5]) reduces to
k
S = [ 0% VIO [ X 5y (3 (EL) () + (Dunsa) (D60)
n=0

+ (Du%)T (D“qbn)) +V(¢n,.. .,(;Sk)] (3.44)
with ¢o = ¢r11 = 0 and the Higgs potential

n+1)(n+2)(k—n)

k
1 2
52 i
V(d1,...,dx) = 29 ;:0: Ty xpn [ n+ 2 ( 42 R2 1p, = Pny1 ¢"+1)

_i_l(n(n—i-l)(k—n—kl)

n 492 R?

1,, — dn ch)ﬂ . (3.45)

This potential is minimized by scalar field configurations ¢, obeying

nn+1)(k—n+1) n(n+1)(k—n+1)

_ T
Ohon = N oy and Gl = P 1y, . (3.46)
In the special case where pg = p1 = --- = pp = r, so that the gauge symmetry reduction is
given by

SU(p) — U xSUM) ! with p = 1r(k+1)(k+2), (3.47)

an explicit solution of (B48)) is given by ¢, = ¢!, where

1

¢g:29—R Vnn+1)(k—n+1) U, (3.48)
for n = 1,...,k. The independent unitary degrees of freedom U, € U(r) can be removed using

a U(1)" x SU(r)* gauge transformation, and this solution breaks the gauge symmetry to SU(r).
There are k2 massive gauge bosons, and k2 physical Higgs fields represented by r x r hermitean
matrices hy, n = 1,..., k with ¢, = ¢O +h,,. The Higgs and vector boson masses, both proportional
to %, can be worked out by substitution into the action ([B44]). A completely analogous analysis
follows in the cases with £ = 0, though there will be quantitative differences. While the physics
of the dynamical symmetry breaking for these systems is qualitatively analogous to the cases

studied in [I0], the quantitative features are significantly different due to the different forms of the
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interactions in ([3.43]) and of the Higgs potential in ([345]). These differences are due to the fact
that while only monopole backgrounds on CP' contribute to the equivariant dimensional reduction
considered in [I0], here both instanton and monopole charges on CP? affect the quiver gauge theory.

The quantitative differences from the CP' models are somewhat more drastic in the fermionic
sector, due to the large asymmetry between the positive and negative chirality spinor harmonics
on CP? in the limit = 0. With the spin® twist (3.33]), the index ([Z358)) in this limit becomes

Un = Ungn—2r = s(n+1)(n—2)(2n—1) (3.49)

forn =0,1,...,k. Thus there is only a single antichiral mode QZ = {/;173_%;0, whose chiral partner
is ¥ := 1 _ok;,0. The remaining fermion fields v,,.¢ := 1y, 3,—2r,¢ on M for n > 2 are all induced
from positive chirality spinor harmonics on CP?, transform in the fundamental representation of
SU(py), and have gauge interactions given by

p¢n;é = (aM - % 74 + 5_,_1 A")T,Dn;e (3'50)

for each £ =1,...,v,. The fermionic action ([B.39) thereby truncates to

k Un
gho_ /M d’z /|G| {w Py+0 T Dy+2VE g (07 ol y+d T grre)+> 0 D wlwwme} , (351)

n=3 (=1

and the fermion mass induced by the Higgs vacuum (3.48]) and the Yukawa interaction in (351 is

V2k
k0 = R (3.52)

In contrast to the Dirac-Higgs chains which arise from dimensional reduction over CP' [I0], Yukawa

interactions here exist for all values of £ > 0. On the other hand, there are no Yukawa interactions
in (339) in the limit & = 0.

Furthermore, the construction of massive eigenspinors discussed in §3.2 proceeds by substituting
m=3(n—1)forn=0,1,...,kin (324) and involves 4(n+1) families of states in multi-dimensional
irreducible representations of the SU(2) isospin group. This contrasts markedly with the situation
for spinors on CP! where all irreducible representations of the U(1) holonomy group are one-
dimensional and spinors are two-component fields, so only two families of eigenvalues ever arise
from a single irreducible representation of the U(1) gauge group on CP!. These two families
actually correspond to a single family with equally paired positive and negative eigenvalues.

4 Dynamical symmetry breaking from the fundamental representation

In this section we will work out the details of dynamical symmetry breaking in the quiver gauge
theory which is induced by dimensional reduction from the three-dimensional fundamental repre-
sentation C1¥ of SU(3). It is obtained by setting k = 1 in the class of models studied in §3.31 The
analysis in this case is completely analogous to that of the fundamental SU(2) representations in
the CP' models of [10]. We will determine the physical particle spectrum and masses in several
explicit instances, including symmetry hierarchies which entail dynamical electroweak symmetry
breaking.
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4.1 Spontaneous symmetry breaking

For k = 1, [ = 0 there are two weights in W, o, with (n,m) = (1,1) and (n,m) = (0,—2), and a
single Higgs field ¢ := ¢1 = qﬁa: _o which is a p; X pg complex matrix. The quiver lattice is simply
a chain consisting of one link
(1,1) (0,-2
o——0

Po-2 (4.1)

Suppose that p;1 > pg. Then, with a suitable gauge choice, the Higgs minimum can be put in the

form
1 0
0 _ (p1—po) X po 4.2

¢ \/§9R < lpo ) 7 ( )

where 0@, _p)xp, 18 @ (p1 — po) X po matrix of zeroes. The gauge symmetry breaking sequence is

given by

SU(p) — SU(po) xSU(p1) x U(1) — SU(p1—po) X SU(po)diag x U(1)"  with p = po+2p1,

(4.3)
where the last step is dynamical symmetry breaking with SU(po)qiag the diagonal SU(pg) subgroup
leaving 1,, invariant, and U(1)" acts from the left on the top p; — py rows of #°. The case pg > p1
can be treated similarly.

The gauge boson masses can be determined from the bicovariant derivative in ([B8.43]), which in
this case reads

D¢:d¢+g(%A1¢—¢AO). (4.4)

For the moment we shall take the gauge potential A° to lie in u(pg) and A' in u(p;), as an overall
u(1) part will drop out. Let
Al :A;(i—A“)+BLL1 and A0=A§< >+BR;1 (4.5)
2 V2 Vi
where A, are Gell-Mann matrices for SU(pg) with trp,xp,(Aa Ap) = 20ap, Aa are Gell-Mann matrices
for SU(p1), and the square root factors are chosen so that the U(1) generators have the same
normalisation as the Gell-Mann matrices. Then only the combination

i\a
2

B = = (i Bi - /21 Ba) (4.6)

appears in (4.4)), since the orthogonal combination % (\/ 2p1 Br + /o B R) decouples as it should.
With this notation, the bicovariant derivative ([£4]) now reads

Do =dg+ 4 (A5 Ao~ AR ora+ 32 Bo) | (4.7)

from which we can obtain the gauge boson mass matrix M by substituting the vacuum expectation
value ([£2]) of the Higgs field to get

AT M2 A = try, (D) Do) (4.8)

where A is a column vector consisting of the vector bosons in (£7). We will now work through
some explicit examples.
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po =p1 =17 . In this case one has

1
0 — 1, 4.9
F= (1.9
and A\, = \3. The symmetry breaking pattern is
SU@3r) — SU(r) x SU(r)diag x U(1)" — SU(r)diag » (4.10)

and only SU(7)giag survives as a gauge symmetry. The quadratic form (8] is given by

trTXT<(D¢O)T D¢0) - 8—]1%2 [25ab (% A2 A%) (% AL — AI;%) n %Bﬂ . (4.11)

The gauge boson mass matrix is thus given by

1 1
1 511r -5 1 0
3
0 0 5

Diagonalising ([A.12]) produces massive gauge bosons B together with

we = /1 a3 - /3 43 (4.13)

3
M2B T W R and N%/V = IR (4.14)

while the massless combinations corresponding to the unbroken symmetry group SU(7)qiag are

A=\ 2 A% /L 4y (4.15)

The physical Higgs fields can be incorporated into an r X r hermitean matrix s with

with mass squared

¢ = 1, +h, (4.16)

1
V29R
and the Higgs boson mass read off from the term in the Higgs potential (3.45]) quadratic in A to
get

6
= R (4.17)
po=1, pp =2 . This example exhibits U(1) mixing. One has p = 5 and the pattern
SU(5) — SU(2) x U(1) — U(1) . (4.18)

In this case the Higgs field ¢ is a two-component column vector with vacuum expectation value

80— #gR <(1)> , (4.19)

The Higgs boson mass is again given by (4I7), but now the gauge boson mass matrix obtained
from ([@7) and (@) mixes A% and B as

(4.20)

0
1 0
8R?

1
V5

S OO =
o O = O
|
@SOO
ot



This gives two W-bosons with mass squared

1
N%V T SR2 (4.21)
a Z-boson 5
Z = %(A%—x/SB) with pu% = T (4.22)
and a massless photon
1 3
The Weinberg angle ¢ in this model is given by
.9 5
sin“ 60 = G (4.24)

po=2, pp =1. Herep=4and the symmetry breaking sequence ([£I8)) is modified to

SU(4) — SU(2) x U(1) — U(1) . (4.25)
In this case one computes
1 3 . 2
T R uy = ¥ and sin?f = 3 (4.26)

This example illustrates that, in contrast to the CP! case, the results depend on the ordering of
the quiver gauge group ranks p,,.

4.2 Fermion spectrum and Yukawa couplings

Following the general analysis of §3.21 and §3.3] there are two fermion zero modes 1y and {/;171
on M determined by the twisting parameter ¢ = —%, for which the index is given by

V1 = —1 and Vg,—2 = +1. (427)

The positive chirality mode on CP? is
0
Xg_2=12) @0, —2) (4.28)

while the negative chirality mode, which is a doublet of the SU(2) gauge theory on CP?, is

_ 1
X1,1 = ﬁ

For example, taking po = p; = r, we can choose the corresponding d-dimensional spinor fields {/;171
and 1o _2 to transform in the fundamental representation of SU(r) x SU(r). After the rescalings
1) and (B338), the Yukawa couplings in (339]) for this case take the form

<ain>® 1, 1)+ o) @ |1, 1>) . (4.29)

0 0 oy o’ B B
29 | Buar V! 0 0 ¢y®o? | =290 dyvo—atvd _, ot vii1) (4.30)
cr dyeol ¢fy®o? 0

where we have used (Z.59). Expanding about the Higgs vacuum (49]), we find a mass term for the
d-dimensional fermions given by

V2

" (ﬂ,l to,—2 + %,_2 ¢1,1> ; (4.31)

23



where 91 1 = 71,51,1. This agrees with [B.52) for £ = 1.

In addition to the zero modes there is an infinite tower of massive modes. The full spectrum
of the Dirac operator on CP? can be derived using the results of §3.21 For this, we require the
irreducible SU(2) x U(1) representations that appear in the tensor product of the gauge group
representations (1,1) and (0, —2) on CP? with the spinor representation (3.22), which was shown
in 4321 to decompose as [(1,0)] @ [(0,3) & (0,—3)]. Twisting with ¢ = —1 from (@.33)), to
give globally well-defined bundles, alters the gauge group representations as (1,1) — (1,0) and
(0,—2) — (0,—3). Thus we require the eigenvalues, and their multiplicities, of the Dirac operator
for the representations

(L,0) ® ([(LO)] & [(0,3) & (0,—3)]) =[(2,0) & (0,0)] & [(1,3) & (1,—-3)]  (4.32)

and

0,-3) ® ([(1,00] ® [(0,3) & (0,-3)])=[(1,-3)] & [(0,0) & (0,—6)] . (4.33)

The eigenvalues and their multiplicities follow from the general formulas (3:25]) and (B26]) of
321 The eight states on the right-hand side of (£32)), a triplet, two doublets and a singlet of
SU(2), give rise to eight infinite sequences of Dirac eigenspinors. All eigenvalues occur in equal
pairs with opposite sign so there are four infinite sequences with positive eigenvalues, together with
their negative eigenvalue partners. The four states on the right-hand side of (£33]), a doublet and
two singlets of SU(2), give rise to four infinite sequences of Dirac eigenspinors with eigenvalues in
equal pairs and opposite signs yielding two infinite sequences with positive eigenvalues, together
with their negative eigenvalue partners. Denoting the positive eigenvalues by )‘WN, with degeneracies
dy, the two infinite sequences arising from ([€33]) are given by

Av = VINFD)(N+3), dyv = (N+2)?°,
Av = VIN+2)(N+3), dy = S(N+1)(N+4) (2N +5) (4.34)

with N =0,1,.... The spectrum arising from ([€32]) gives two copies of ([@34l), so the full spectrum
consists of three copies of ([£.34]) together with their negative eigenvalue counterparts. The two zero
modes can be thought of as coming from two copies of the first sequence in (£34)) with N = —1.

It can be interesting to also consider alternative values of the twisting parameter ¢, other than

the choice ¢ = —1 which induces Yukawa couplings in the zero mode sector of the fermionic field
theory on M. In the present context ¢ = 3 gives three positive chirality zero modes, v1,1 = 3 while
vg—2 = 0, and ¢ = —3 gives three negative chirality zero modes, vy ; = 0 while vy _o = —3. These

zero modes could manifest themselves as three generations of fermions in the dimensionally reduced
field theory.

5 Dynamical symmetry breaking from the adjoint representation

In this section we examine symmetry breaking from the eight-dimensional adjoint representation
CH! of SU(3). This is the lowest representation which is qualitatively distinct from the CP!
examples, in the sense that it involves a full two-dimensional quiver lattice (ZI1]) of equivariant
gauge fields. Again we will determine the physical particle spectrum and masses in some explicit
instances.
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5.1 Spontaneous symmetry breaking

In the case k =1 = 1, the weight set is W ; = {(1,3), (1,-3), (2,0), (0,0)}. The only non-zero
coefficients Afl(n,m) in ([2.41) are

AL -3) = 1, AR0.0) = /3. AL(L-3) = VB and  AL20) = (/3.
(5.1)
Hence the only four matrix one-forms in (2435]) are
ﬁf_:; > ﬁ(—]to and ﬁz_,o > (5-2)
and there are only four Higgs fields
¢r_5, bl and by . (5.3)

The apparent asymmetry here, in that the weight (1,3) does not appear while (1,—3) does, is an
artifact of the notation. The symmetry between the representations is clear in the quiver lattice

(1,-3) (2,0)

(0,0) (1.3) (5.4)

that indicates which SU(2) x U(1) representations are mapped by the Higgs field morphisms.

For illustrative purposes, we will again restrict to the case of equal quiver gauge group ranks
given by pi1._3 = p1.3 = poo = p2,0 = r with p = 8r, which gives the gauge symmetry reduction
pattern SU(8r) — SU(r)% x U(1)3. In this case each Higgs field qﬁfim is a square r x r matrix and
the Higgs potential in (3.3]), after the rescalings (B3.7), is

_ 3 2.5 3 2
Vet eT) = o trrxr[3(wlr—(¢ao>*¢ao) 3 (g - (01-0) 01 s)

3 St \2 5 3 2
+3 ( 492 R2 1= (¢1’_3) ¢1’—3) + 3 (492 R2 1 — (¢2,0) ¢2,0)
_ T N 2 _ _ 2
+ ‘(2511—,—3 (¢1,—3) - (¢270) (ba—,o‘ + ‘Qﬁa—,o ¢17_3‘ - ¢270 (bi_g‘ } . (5.5)
The global minimum of (5.5]) is attained by setting all four Higgs fields proportional to U(r) matrices

:I:O_\/gzl:

n,m 2gR n,m (56)
which is a special instance of ([B.12]), together with the constraint

There are therefore only three independent unitary matrices Uff,m, and we can use a U(r)3 gauge
transformation to set any three of them equal to 1,. The constraint (.7 then requires all four to
be the identity and only the diagonal subgroup SU(r)giag survives. The gauge symmetry is thus

broken dynamically as

SU8r) — SU(r)* x U(1)®> — SU(r)diag , (5.8)
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with all four Higgs fields transforming in the same way under the surviving diagonal subgroup as
qﬁim — gqﬁim g" where g € SU(r)diag. Of the initial (4r% — 1) gauge bosons, 3r? become massive
and of the original 8r2 degrees of freedom in the four complex Higgs fields, 52 survive as physical
Higgs fields.

We can parameterise the physical Higgs fields by choosing a gauge in which three are given
by hermitean matrices and one by a general complex matrix, yielding 572 degrees of freedom as
required. To see that such a gauge exists, we first observe that any square complex matrix has a
unique polar decomposition into the product of a unitary matrix with a hermitean matrix so that,
without making any gauge choice, we can always write

6=V, nim(ﬁl +hE ) (5.9)

with VjE unitary and hff’m hermitean. In this parameterisation the vacuum state (5.6]) corresponds
to him =0 and V,fm = Uff’m satisfying (5.1)). By using an SU(r)* x U(1)3 gauge transformation
we can set any three of the U(r)-valued fields VjE to the identity, but not all four. Let us choose
a gauge in which Vl“’—L_3 = V5 = 1,. In this gauge, the Higgs fields

V3 V3

+ + — _
QS —3 = 29—R 17« + h —3 and @270 = 29—R 17« + h2’0 (510)
are hermitean while /3
3
Po0 = (2 5Lt hg ) (5.11)

is a general complex matrix. Although V070 is an arbitrary unitary field in general, the vacuum
condition (5.7)) in this gauge requires U(f o = 1, so let us paramaterise (158: o differently. Instead of
(E11), it will be more convenient to use the decomposition

V3

R 1, + Hyy + i Hy, (5.12)

Pop =
with H, +0 and flg’ o hermitean. In this gauge the 5r2 physical degrees of freedom in the Higgs
fields are represented by the five hermitean matrices h _3> hoys 0 o and ﬁar o> and the remaining
SU(r)diag gauge degree of freedom is implemented by (h,fm,H070,HS:O) — g(hnm,Hg'O,fIO 0) gt
with g € SU(7)diag-

The Higgs boson masses can be found by extracting the quadratic part of the potential (B.5])
when expanded around the minimum. The mass matrix M, works out to be given by

30 0 0 0
L (02 =3 0 0
%:W 0 -3 13 0 0 |®1,, (5.13)
0 0 0 21 -3
0 0 0 -3 13

where the rows and columns are labelled by the sequence of Higgs fields {ﬁ (;f 0 H, (;f 0 hf_?), hy _3.hap }
There are two doubly degenerate eigenvalues

11
2 _
it = T (5.14)

corresponding to the linear combinations

o= o (hf g —3HS))  and BT = o (hy —3hi ) | (5.15)
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and

phs = (5.16)
associated with the orthogonal combinations
WY = o= (3hi_s+ Hgp)  and W7 = 5 (3hye+hi_g) - (5.17)
The lightest Higgs field is ]?[5r o With
“%J,o = 2—22 . (5.18)

The gauge boson masses are determined from the bicovariant derivative terms in ([B.3]), after
the rescalings ([B.7)) and setting qﬁm equal to their vacuum expectation values. Again writing the
gauge potentials A™" = %Afhm Aa + % A%m V/2/r 1, in terms of Gell-Mann matrices A, for SU(r)
and the identity matrix, using (2.49) one finds

a

A
>\a qbim - — qbim /\ll

4 4 ig [ Antimes
qun,m = d¢n,m + 7

2 \vVn+141 vn+1
2/ Aiimgs AD

+ \ﬁ ( mid ) qsim) . (5.19)

r\yn+l1£1l Vn+1

By defining the normalised U(1) fields
1

B* ::7<\/ 1A Vn1E1 A ) 5.20
n,m M+ 2E1 n n+tl,m+3 n n,m ( )

we can rewrite (5.19) as

+ + ig [ Apsim+s n AN 4
D¢n,m = d¢n,m + 5| — /\a ¢n,m - 7

Aa
2 \yvn+1+1 vn+1 """
2(2 241
+¢ Gn+2+1) B%@%J- (5.21)

r(n+1+1)(n+1)

Not all four fields (.20]) are independent of course, as there are only three U(1) degrees of freedom,
and indeed one has
By _3=—Bg - (5.22)

Now using (5.6]) gives the quadratic form
LATM?A = o (Do) Dot + (Dof,") Doy
+(Do7_") DoT_s" + (Do) Doz, (5.23)

with the gauge boson mass matrix given by

1, 0, —/31. —\/$1. 0 0 0
0, L. =31l —/g1 0 0 0
el 3| VBT Sin 21 0 000 (524
4R2 —\/glr —\/%17“ 0, %17" 0 0 O 7 '
0 0 0 0 300
0 0 0 0 02 0
0 0 0 0 00 2
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where the rows and columns of the mass matrix are ordered according to the sequence of gauge
potentials {Al’?’, A3 A00 22,0 B s, BI—S’ B2_,0}' The eigenvalues of the upper left 4 x 4 block
matrix are

2
0, 2 and % (twice) . (5.25)
The linear combination
o 1,3 1,-3 0,0 2,0
g =4 (4l + Al /342043 A2 ) (5.26)
is massless, while the gauge boson
L3 (V6 (4h? + AL72) +3V3 D0 + 420) (5.27)

has mass squared %. The two linear combinations with mass squared % are

@ (A};?) - A};‘?’) and \/% <A};3 + AL V2 490 — 6 A§’0> . (5.28)

In addition, the three U(1) gauge bosons acquire masses given by

9
2 _ 2
’uBLS = 1 and MB1+,73

5
— 2 _
= Hp; = 3m2 (5.29)

It seems remarkable that the mass squared for all Higgs bosons and gauge bosons evaluate to
rational multiples of %.

5.2 Fermion spectrum and Yukawa couplings

Following the analysis of §3.21 with twisting parameter ¢ = —3 there is a positive chirality zero
mode associated with the SU(2) singlet

0
X0 =12)® 0, 0), (5.30)
and a negative chirality mode associated with one of the SU(2) doublets

_ 1
X1,3 = ﬁ

If a (d+4)-dimensional spinor field ¥ transforms in the fundamental representation of SU(8r), then
the d-dimensional spinors o and 1 3 = 11 3, associated with Xa—, o and xj 3 respectively, trans-

(aiym @, 3)+o%Q) @ |, 3>) . (5.31)

form under fundamental representations of the different SU(r) gauge groups with connections A%°

and A'3. When the quiver gauge symmetry is broken, they both transform under the fundamental

representation of the remaining unbroken SU(r)giag combination, with respective charges 4= and

2v2
£ according to (£.26). From (3.40) it follows that the Yukawa couplings give masses ji1,1 to these

fermions with
9 9

K11

By (256), the index associated with the weight (n,m) = (2,0) is zero, but the index for
(n,m) = (1,-3) is v1,_3 = 8. Thus unlike the fundamental representation breaking, the adjoint
representation breaking models contain massless chiral fermions. We can expect the same to be
true for all representations C*! with k41 > 1 when [ > 0, and with k > 2 when | = 0 (see (B51))).
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Again there is an infinite tower of massive Dirac eigenspinors. Twisting with ¢ = —3 alters the
weights in Wy 1 as

(1,3) — (1,0), (1,-3) — (1,-6), (2,0) — (2,-3) and (0,0) — (0,—3)

(5.33)
and the corresponding H-modules are then tensored with the spinor representation, as in (3.24)),
to yield 12 irreducible holonomy group representations given by the decompositions

(1,0) @ ([(1,0)] @ [(0,3) ® (0,-3)]) = [(2,0 0,00] & [(1,3) & (1,-3)],
(1,-6) ® ([(1,0)] & [(0,3) & (0,-3)]) = [(2,—6) & (0,—6)] & [(1,-3) & (1,-9)],
2-3) @ ([Lo] & [(03) @ 0-3)]) = [B,3e@-3)] & [(20 e (2-6)],
0,-3) ® ([(1,O)] & [(0,3) & (0,-3)]) = [(1, 3] @ [(0,0) ® (0,—6) ] . (5.34)

Since the total number of states in C! is eight and the spinor representation ([B322) is four-
dimensional, there are 32 infinite sequences corresponding to the 32 states on the right-hand side of
(B34]). These consist of 16 sequences of positive eigenvalues and their negative eigenvalue partners.
The 16 infinite sequences of positive eigenvalues %\r, together with their degeneracies dy, arising
from the representations on the right-hand side of (0.34]) can be calculated as before using (3.250])
and ([B.26). They are given by

Av = V(N+1)(N+3)— dy = (N +2)°
Av = VIN+1)(N+3), dy = (N+2)° (x3),
Av = VIN+2)(N+3)-3, dy = (N +1)(N+4)(2N +5),
A = V(IN+2)(N+3) - dy = $(N+1)(N+4) (2N +5)  (x2),
Av = V(N+2)(N+3), dy = 3(N+1)(N+4) (2N +5)  (x3) (5.35)
and
A = VIN+1)(N+5), dy = (N +3)%,
A o= VIN+D(N+5)+1,  dv = (N+3)°,
Av = V(N+2)(N+5)— dy = (N +2)(N+5)(2N +7)
Av = VIN+2)(N+5), dy = L(N+2)(N+5) (2N +7),
Av = VIN+4)?2 -1, dy = (N+1)(N+4)(N+7),
Av = N+4, dy = (N+1)(N+4)(N+7) (5.36)
with N a non-negative integer. The two singlet zero modes are given by setting N = —1 in two of

the three sequences in the second line of (5.35]), while the octet of zero modes is gotten by taking
N = —1 in the first sequence of (5.30]).

6 Conclusions

We have examined in some detail the SU(3)-equivariant dimensional reduction of pure massless

Yang-Mills-Dirac theory over the coset space CP?, including a systematic incorporation of monopole
and instanton backgrounds on CP?. The topologically non-trivial internal fluxes induce a Higgs
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potential as well as Yukawa couplings between the reduced fermion fields and the Higgs fields, with
the standard form of dynamical symmetry breaking. For the class of models in which all Higgs fields
are square matrices of the same dimension r, the minima of the Higgs potential have a geometrical
interpretation in terms of gauge fields on the corresponding quiver lattice. As a U(r) lattice gauge
theory configuration, the non-abelian flux on the quiver lattice must vanish for the Higgs vacuum to
be realised. Explicit examples have been presented with symmetry breaking hierarchies generated
from both the fundamental and adjoint representations of SU(3).

For the fundamental representation models, the symmetry hierarchies
SU@Br) — SU(r) x SU(r) x U(1) — SU(r),
SU(b) — SU(2) xU(1) — U(1), (6.1)
SUM4) — SU2)xU(1) — U(1)

have been analysed in detail, where the first symmetry breaking is explicit, dictated by the equiv-
ariant dimensional reduction ansatz, and the second one is dynamical. Gauge boson and Higgs
masses have been calculated in all three cases, and all are inversely proportional the length scale
set by the metric on CP?. The complete fermion spectrum has been presented, including both
chiral zero modes of the Dirac operator and massive Dirac eigenmodes. There are two zero modes,
one of positive chirality X(J)r, _o and one of negative chirality x;,, which acquire masses via their
Yukawa couplings (4.31]), with left and right chiralities of a single massive fermion carrying dif-
ferent SU(2) x U(1) quantum numbers. This is analogous to the way that leptons and quarks
acquire masses in the standard model, with the left-handed and right-handed electrons carrying
different quantum numbers. The induced zero mode masses are of the same order as the mass
scale of the infinite fermionic tower arising from the non-zero eigenvalues ([A34]). The infinite tower
may be truncated to finitely many degrees of freedom by replacing the coset space CP? with a
fuzzy projective plane (CP%. However, while fuzzy versions of the line bundle zero modes X(J)r, 9
are known [I7], there is as yet no explicit fuzzy construction of zero modes on instanton bundles,
though one certainly exists. Models with realistic numbers of fermion generations can be obtained
by changing the spin® twisting parameter of §3.2

For the adjoint representation models, we examined the symmetry breaking hierarchy
SU(8r) — SU(r)* x U(1)® — SU(r) (6.2)

in detail, calculating the gauge boson and physical Higgs masses explicitly. Again chiral zero modes
X(J)f o and xj 3 of the Dirac operator exist for which masses are generated by the Yukawa couplings.
In this case, however, there is also an octet of positive chirality zero modes which remains exactly
massless. The infinite tower of massive fermions obtained here is much more complicated than
that in the case of reductions over CP', primarily because each state of a pertinent irreducible
representation of the isospin subgroup of the holonomy group of CP? generates an infinite tower of
its own. For the U(1) holonomy group of CP*' all irreducible representations are one-dimensional
and there is only a single infinite tower for each irreducible representation, while for CP? any
given irreducible representation of SU(2) produces a family of infinite towers with the number of
members growing as the dimension of the representation. Again these towers could be truncated
by restricting to a finite number of degrees of freedom using a fuzzy regularisation on (CP%.

Many of the qualititative features we have unveiled regarding the vacuum structure of field
theories obtained via equivariant dimensional reduction can be expected to hold over generic ho-
mogeneous internal spaces G/H. The general structure of the induced quiver gauge theories is
described in [7, [§]. The quiver diagram can be regarded as a lattice of dimension given by the
rank of the holonomy group H of the coset, and it comes with relations which equate the various
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distinct paths between any pair of vertices of the plaquettes of the quiver lattice. These relations
will arise dynamically as conditions for the Higgs vacua. Thus, for instance, our lattice gauge
theoretic interpretation of the Higgs minima in terms of flat connections will be a generic feature
of any coset space G/H for which rank(H) > 2. With this in mind, it would be interesting to
extend our techniques to the equivariant dimensional reductions of ten-dimensional N/ = 1 super-
symmetric Eg gauge theories over six-dimensional coset spaces [5l 21] and of superstring theories
on nearly Kéahler backgrounds [22]. The most interesting class of such reductions involve non-
symmetric (and nearly Kéhler) six-dimensional coset spaces, with the vacua controlled by sets of
torsion fluxes. Presumably these internal fluxes could be systematically incorporated, along with
other topologically non-trivial background fields of the coset space, in a manner analogous to the
treatment of this paper. More generally, it would be interesting to find internal coset spaces for
which the equivariant dimensional reduction leads to a physical particle spectrum which is in more
precise quantitative agreement with that of the standard model.
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A Bundles on CP?

Consider the vector bundle Q over CP? of rank two which is inverse to the line bundle £_; with
first Chern number —1, in the K-theoretic sense

O L 4 =3 (A.l)

where I? is the trivial bundle of rank three over CP?. The bundle Q is called a quotient bundle [20],
and it has structure group U(2). Canonical connections on £ and Q were given in (226]) and
[23T]), respectively, and indeed the construction of the flat connection Ay in §2.3] was based on the

decomposition ([AT), see [12].

The Chern character of any bundle ¥V — CP? of rank r can be expanded as [20]
chV)=r+ca(V)+ EaV)ra) —a)) , (A.2)

where ¢1(V) and co(V) are the first and second Chern characteristic classes of V with the integer
C2(V) = Jep2 c2(V) the second Chern number. The rank two bundle Q carries U(1) (magnetic
monopole) charge. Under the embedding SU(2) x U(1) < SU(3), the fundamental representation
of SU(3) decomposes as in (2.6]). This is the representation content of (Al). The line bundle
L_; has first Chern number —1 and its fibres transform as the H-module (n,m) = (0, —2). The
U(1) quantum number m is thus twice the Chern number of the associated line bundle and we
shall call %5 the monopole charge. The fibres of the quotient bundle Q transform as the H-module
(n,m) = (1,1). This implies that Q has monopole charge % but first Chern number +1, since it
is of rank two and the first Chern number involves a trace, so it is equal to twice the monopole
charge.

Chern characters are additive under Whitney sums of bundles, so since Q@ & £_1 is trivial we
have
ch(Q®d L_1) = ch(Q)+ch(L_1) = 3 (A.3)
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giving ch(Q) = 3 — ch(£_1). The Chern character is also multiplicative with respect to tensor
products of bundles, so using (A3]) we have

ch(Q® Ly) = ch(Q) Ach(L;) = 3ch(Ly) —ch(L; ) (A4)
for any power b. In particular, for b= —% we get the instanton bundle 7 = Q ® L_; /5 with
ch(Z) = 3ch(L_y)2) —ch(L_3/2) - (A.5)

The Chern character of the monopole line bundle £ is ch(£) = exp&, where { = ﬁ Ju(n) with
f(cpz ENE=1, 50

ch(£) = 1+&+16nE and / ch(L) = L (A.6)
cp? 2
Similarly, one has
ch(Z) = 3(1—26+36n8)—(1-26+26n¢8) = 2-36N¢ and /<cp2 ch(Z) = —2,
(A.7)

and hence the second Chern number of 7 is %, implying that Z does not exist globally [14]. Never-
theless, it plays a crucial role in the index theorem described in §Cl

We now have enough information to calculate the Chern characteristic classes of the rank n + 1
instanton bundle Z,,. The relevant component of ch(Z) for evaluating the integral over CP? involves
the square of the curvature two-form, so an explicit evaluation requires taking the trace of the
second order Casimir operator in the two-dimensional vector representation of SU(2). The Casimir
operator is Co(2) = % 15, and taking the trace gives a factor of 2, so

/ ch(T) = —% Ca(2) Tr(1) . (A.8)
cp?

The bundle
7, := Sym®™(I) (A.9)

is the rank (n + 1) bundle given by the n-th symmetric tensor product of Z. As such, its second
Chern number differs from (A.8) in two ways. Firstly, the dimension of the fibre is Tr(1,41) and,
secondly, the second order Casimir operator is Co(n + 1) = § (5 + 1) 1,41. From this we deduce
that the second Chern number of Z,, is

Co(T,) = —/(CPQ ch(Z,) = %W(nﬂ) _ %I(IJrl) (20 +1) . (A.10)

For spinor representations (n = 2I with [ € Z + %) this is always fractional, while for vector
representations (n = 2/ with I € Z) it is an integer corresponding to the dimension of the irreducible
SU(3)-representation C1/~1,

B Matrix one-form products on CP?

We record here the explicit matrix products which are used for calculations in the quiver gauge
theory of §3l Using (2.45]) the matrix one-form products appearing in (248]) are given by

_ _ ‘/X,jfl(n,m)2 _ _
_ _ A (nF1,m — 3)? _
+ + t = Tkl ’ == .
ﬁn:Fl,m—B A 5n:|:1,m—3 - 2(n +1 F 1) —— (n7 m; 5) ’ (B2)
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EinmiB) = ) [(<niq+1is)51A51+(n¢q+1ia)52A32) i
q€Qn

m) (i, m|

V(12— (g + 12 81 A G [3, m)(atz, m]
V12— (=17 B2 A B [3, m)(a"2, m| | (B.3)

with e = £ 1 and Af [(n,m) := 0 for n <0. In (Z350) we encounter the matrix one-form products
AL (nym) Ay (n+1,m — 3)
(n+1)(n+2)

FAgE ST gt m3) (e, m 3| (BA)

q€EQn+1

2+ [ _
Bn,m A 6n+1,m—3 -

while in (ZX5I]) we use

A (nym) Ay (n,m)

_ A~ ot _ , ,

x 3 [\/n+1 — @ (B AR+ BAR) M, m3) (", m o+ 3
qEQn+1
+v/(n—q)2—1p'ApB? |"j{1,m+3><gﬁ,m+3|
Va2 =1 AR T m3) (2, m+ 3]
Using (B.I)-(B.5) together with
dg=0 ad Y ¢ =:inm+1)(n+2), (B.6)

q€Qn q€Qn

one can derive a number of trace identities which are useful for deriving the dimensionally reduced

gauge theory actions of 31 One has
B’ N *Brim
ﬁ(—) = 2r2(n+1+1 :
Afl(n, m)2 ( ) /BVOI

3t TABE Ax(BE T ABENT
Tr(ﬁn,m ﬁn,m (ﬁn,m ﬁn,m) ) = 271'2 (Tl"‘lil) Bvola

‘/Xff’l(n,m)4
g A;fz(n,m)‘1 TS R '
S ST i
Tr( Ban N Britm—z A * (Bt A ﬁn+1,m—3) ) _ 92 (n+3)
AT e 5 = 7T Bvol
pa(nom)? Ay (n+1,m —3) 3
(B ! G M) ppantn )
A (n,m)? Ay (n,m)? nt+1 vl

where Tr is the trace over SU(2) representations and « is the Hodge duality operator on CP?
corresponding to the metric ([B.2]) with

BYAXBY = BZAxB2 = B ARG = B2 ARG = 272 By - (B.8)

Note that B' A«3' = 32 A#3?% = L AxB% = B AxB% = 0, together with their hermitean conjugate
equations.
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C Index theorem on CP?

Spinors cannot be globally defined on CP? due to a topological obstruction. However, globally
well-defined spinors can be constructed by twisting the Dirac operator on CP? with half-integer
powers L7, b € Z + % of the monopole line bundle £. The index of the Dirac operator associated
with this twisted complex is computed by the Atiyah-Singer index theorem to be [3]

- / (L) AA = Lb+1)(b+2) (1)
cp?

where ch(L£) is the Chern character of L, A is the Atiyah-Hirzebruch class of CP2, and b = b — %

is an integer

In the main text we use the index (Z54) for higher rank SU(3)-equivariant bundles over CP?
and we will now derive this formula here. From ([A.3]) the zero mode structure of the Dirac operator
for spinor fields transforming under the holonomy group H = SU(2) x U(1), in the fundamental
representation of SU(2) and in the background gauge field of Q® L7, is easily evaluated [3]. Denoting
this index index by 14,1 we have, using (A.3), the formula

Vy1 = / h(Q) Ach(L) AA = 3uy— g = (b+1)(b+3) (C.2)
cp?

where v, and 1,1 have been evaluated with (CI)). The index with respect to all higher rank
bundles can be computed in terms of the rank one result (CIl) by taking tensor powers of the
quotient bundle Q, since

/ (@) Ach(L) A A= [ (3—ch(Lor)™ Ach(Ly) A A (C.3)
cp? cpr?

There is a technical issue, however, because Q®" is a bundle of rank 2" which is reducible in terms
of SU(2) representations and it will be more convenient for our purposes to decompose it into
irreducible representations.

The n-fold tensor product of the fundamental representation of SU(2) x U(1) decomposes into
irreducible representations as

[n/2]
(LD =P New (n—2t,n) , (C.4)
At Bl N e an it
where Ny, is the multiplicity
(n—2t+1)n!
Nyp=-r—-"S-— C.5
T =t 4 )i (G-5)

Consider the equivariant rank two instanton bundle Z — CP?, and its n-fold symmetric tensor
product Z,, given by (AJ) which is an equivariant vector bundle over CP? of rank n + 1. Its
structure group is SU(2) and so it has no U(1) charge. One then has

ln/2]
Q" = ( P v oot ) @ Lujs (C.6)

4The factor —% here is essentially the power of £ arising from the U(1) part of the holonomy in A. A factor of 3 is
the Euler characteristic of CP?, and —3 is the first Chern number of the canonical line bundle over CP2. The factor
—% arises because, on a complex manifold, the spinor bundle involves the square root of the canonical line bundle.
That this factor is not an integer reflects the fact that the spinor bundle over CP? does not exist globally.
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In §2.5 we use the index of the irreducible bundles Z,, ® Lz, o of rank n+ 1, with ¢ € Z + % a
half-integer and n = m mod 2 so that (n,m) is a faithful representation of U(2). With b = mer e
it is given by

Voo = / ch(T,) Ach(Ly, , ) A A (c.7)
cp?

rather than (C3]). For given n this can be calculated explicitly if we know all the lower Up:p—2t for
t > 1, since the K-theory formula

/2]
:@:(@M®£%ﬂy9(GBJWn%4Q (C8)
t=1
implies
2
Vo — / ch(Q) Aeh(Ly) A A~ 3" Nunttyn-on (C.9)

and the first term on the right-hand side of (C.9]) is known explicitly from (C.3) and (C.IJ). We
already know v,0 = v, from (C.Il) and v from (C.2), so we now have all the necessary ingredients
to prove the formula ([Z54]) by induction on n.

The index v, can be either positive or negative but its magnitude always corresponds to the
dimension (2.4]) of some irreducible representation of SU(3), as expected on general grounds [16].
For example, if b > 0 then the index (Z54) is the dimension of the SU(3)-module C™°. Under the
decomposition (2.6]) the irreducible SU(2) x U(1) representation with largest monopole charge is

(n,2b+n), where b+ 5 = b+ 5 — % is the U(1) charge of the bundle Z,, ® £'5+n/2 appearing in

(C) including the contribution —% from the Atiyah-Hirzebruch class A. We can represent this
diagramatically using Young tableaux, in the notation of (2.7)). The Young diagram for [SLLET

Il (C.10)

| p—
b

which gives the index v, when b > 0. This contains the irreducible SU(2) x U(1) representation

x| Ix] x] - x
T i
— n

b
with U(1) charge b+ %, and this is the representation content of (C.7) when b > 0.
The bundle Q%" appearing in (C9) has monopole charge %, and when n is odd the choice

2
n

b = —% cancels this charge and corresponds to the pure SU(2) bundle Z,. Hence for odd n taking
b

b3 _ _nt3 :
=b— 5 = —"5= gives the index

1% 3 = —
—%;n

(n+1)*, (C.12)

ool

and corresponds to spinors coupling to pure anti-selfdual SU(2) gauge fields on CP? in the (n + 1)-
dimensional irreducible representation with no U(1) component. Since n = 2k + 1 is odd this is
necessarily a spinor representation of SU(2), though the magnitude of the index (CI2)) corresponds
to the dimension of a real representation C** of SU(3). At the opposite extreme, the integer
([C) is the index for spinors coupling to a pure U(1) self-dual gauge field on CP? with no SU(2)
component, and v, equals the dimension of the SU(3) representation C*° for b > 0 while —1, equals
the dimension of C%1=3 for b < —3.
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