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Abstract—In this paper the discretization of switched and
non-switched linear positive systems using Padé approxima-
tions is considered. We show:

1) first order diagonal Padé approximation preserves both
linear and quadratic co-positive Lyapunov functions,
higher order transformations need an additional condi-
tion on the sampling time';

2) positivity need not be preserved even for arbitrarily small
sampling time for certain Padé approximations.

Sufficient conditions on the Padé approximations are given to
preserve positivity of the discrete-time system. Finally, some
examples are given to illustrate the efficacy of our results.

I. INTRODUCTION

Switched and non-switched linear positive systems have
been the subject of much recent attention [1], [2], [3], [4],
[51, [6], [7], [8]. A new problem in the study of such systems
concerns how to obtain discrete time approximations to a
given continuous time system.

This problem arises when one simulates a given system,
and when one approximates a continuous time system for
control design. While a complete understanding of this prob-
lem exists for LTI systems [9], and while some results exist
for switched linear systems [10], the analogous problem
for switched positive systems is more challenging since
discretization methods must preserve not only the stability
properties of the original continuous time system, but also
physical properties such as state positivity. To the best of
our knowledge, no other authors have yet looked at this
problem.

Specifically, in this paper we study diagonal Padé ap-
proximations to the matrix exponential, and consider their
suitability for discretizing positive systems. Such a study
is well motivated as diagonal Padé approximations are a
method of choice amongst control engineers.

We deal with two fundamental questions:
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@) under what conditions is the stability of the origi-
nal positive system preserved;
(i)  under what conditions is positivity itself preserved.

In particular, we establish the following results:

@) first order diagonal Padé approximation preserves
both linear and quadratic co-positive Lyapunov
functions for all sampling, while higher order
transformations require an additional condition on
the sampling time;

(i1) Padé approximations, of any order, do not, in
general, preserve positivity, even for an arbitrary
small, but positive, sampling time h, hence suf-
ficient conditions on A and p, order of the Padé
approximation, are given to preserve it.

This paper is organized as follows: in Section II the no-
tation and preliminary definitions are introduced. In Section
IIT a sufficient condition to find the suitable values of the
sampling time h, which map Metzler matrices into positive
ones, for the p — th order diagonal Padé transformation
is given (it involves a sub-class of the Metzler matrices);
some counterexamples are also included; finally Section
IIT presents the special case of the second order systems,
for which it is possible to give a complete picture of the
solution. In Section IV, the preservation of both quadratic
and linear co-positive Lyapunov functions in the discretiza-
tion process is presented; a result on the discretization of
switched positive systems follows. Section V concludes the

paper.

II. MATHEMATICAL PRELIMINARIES

A. Notation

Capital letters denote matrices, small letters denote vec-
tors. For matrices or vectors, (') indicates transpose and (*)
the complex conjugate transpose. For matrices X or vectors
x, the notation X or x > 0 (> 0) indicates that X, or x,
has all positive (nonnegative) inputs and it will be called a
positive (non-negative) matrix or vector. The notation X > 0
(X <0)or X >0 (X < 0) indicates that the matrix X
is positive (negative) definite or positive (negative) semi-
definite. The sets of complex, real and natural numbers are
denoted by C, R and N, respectively.



A square matrix A, is said to be Hurwitz stable if all its
eigenvalues lie in the open left-half of the complex plane.
A square matrix Ay is said to be Schur stable if all its
eigenvalues lie inside the unit disc. A matrix A is said
to be Metzler if all its extra-diagonal elements are non-
negative, moreover we ask that the others are non-positive,
with at least one non-zero element. B is an M-Matrix if
B = —A, where A is both Metzler and Hurwitz; if an
M-matrix is invertible, then its inverse is nonnegative [11],
[12]. The matrix I will be the identity matrix of appropriate
dimensions.

B. Definitions

Positive systems [1], [13] have the peculiar property that
any nonnegative input and nonnegative initial state generate
a nonnegative state trajectory and output for all times. We
recall here the well-known definition of positive systems for
both continuous and discrete time [1]:

Definition 1 An LTI autonomous continuous-time system
z(t) = Acx(t), x(0) =z )

is positive iff A. is a Metzler matrix.

Definition 2 An LTI autonomous discrete-time system
z(k+1)=Ax(k), x(0)=xg 2)
is positive iff Ay is a nonnegative matrix.

In the following we will tackle the discretization problem
of positive systems, looking for conditions on the sampling
time h in order to preserve positivity in addition to stability.
Here we recall the definition of the Padé approximation to
the exponential function.

Definition 3 [14] The [L/M] order Padé approximation
to the exponential function e’is the rational function C,
defined by

Cp(s) = Qr(s)Qpf (—)
where
Qr(s) = Yp_o lis®, Qur(s) = X3ty mus®, ()
e = ranmEin 9 ™k = T @

Thus, the diagonal Padé approximation to e<", the matrix
exponential with sampling time h, is given by

L=M=p,
Cp(Ach) = Qp(Ach)Q,  (—Ach) 5)
where Qp(Ach) = Yy ci(Ach)* and ¢ = A2kl

Much is known about the Padé maps in the context of
LTI systems, particularly it is known that diagonal Padé
transformations of any order preserve stability [15].

Remark 1 The (0,1) Padé transformation preserves both
stability and positivity for each choice of the sampling time
h. Stability preservation is straightforward from [15]. While,
since A, is Metzler and Hurwitz and Aq(h) = (I —hA.)™1,
nonnegativity of Aq(h) follows for every value of h.

III. SUFFICIENT CONDITION FOR DIAGONAL PADE OF
THE p — th ORDER

In this Section a sufficient condition to find the candidate
values of h, which preserve the system’s positivity, is
presented for diagonal Padé with both one real root (first
order) and two complex conjugate roots (second order). The
decomposition in roots has been used in Section III-C in
order to generalize the theory to the p — th order diagonal
Padé.

A. One real root - first order diagonal Padé

According to (3) and (5) the first order diagonal Pade
approximation to e*<" with sampling time h is given by

h oo\ 7!
s (18} (1-5) " e

It has one real root, a(h), and it can be expressed as a
function of it:

Ag1 = (a(h)I + Ao) (a(h)] — A) ™, (7)

where a(h) = ¢ and @ > 0.

Theorem 1 Let A, = {a;;} be the Metzler and Hurwitz
stable matrix of system (1) and Ay the matrix achieved
through the transformation (7). If

h <min
i fag)

(3)
then Ay is nonnegative and Schur stable.

Proof: The stability proof follows from [15]. Recall
that since A, is a Metzler matrix then (a(h)l — A.)~! = 0.
If we also have § = «(h)l + A. »= 0 then Ay is
non-negative. All the elements on the main diagonal of
6 are a(h) — |a;;|. In order to have a nonnegative matrix
a(h) Zmzax |a;;|, hence h §ml_in ﬁ

This concludes the proof. |

Remark 2 Theorem 1 is a general condition for the generic
real root of a p—th order diagonal Padé. For the first order

one it becomes h < 2 min ——, since a = 2.
2

)
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B. Two complex conjugate roots - second order Padé

According to (3) and (5) the second order diagonal Pade

approximation to e“<” with sampling time A is given by
h h? h nr L\
Ap =T+ A+ =A%) (I - A+ A2
@ ( Tyt )( 24T 1o )

©))
It has two complex conjugate roots, A(h) and \*(h), and it
can be expressed as a function of them:

Agz = (IA(R)PT 4 2Re(A(h))A. + A2) x

X (IAR)PT = 2Re(A(R) A + A2) ™" = 6,05

(10)
where A(h) = % and Re(\) > 0, \*(h) = ;\T: and
Re(A*) > 0. For the second order diagonal Pade

approximation \ = 3 + 1.7321i.

Define A. = {a;;} and A? = {b;;} then let P be the set
of indexes i, j, i # 7, such that the ratio Z# is well-defined.

Theorem 2 Let A. = {a;;} be the Metzler and Hurwitz
stable matrix of system (1) and Ago the matrix achieved
through the transformation (10). If

h <2Re(A) min —j, 11
< 2Re(A) min, ] (11)

where b;; are the elements of Az, then Ago is nonnegative
and Schur stable.

Proof: The stability proof follows from [15].

Recall that the sufficient condition aims to make 64
nonnegative and 65 an M-matrix.

The elements on the diagonal of 65 are positive, since
b;; > 0 and a;; < 0, while the extra-diagonal elements are:
—2Re(A(h))a;; + b;;. They are all non-positive if b;; <
0, Vi # j, since a;; > 0, Vi # j; otherwise the following
condition is needed:

A5

2Re(A(h)) > (12)
Similarly, consider now the extra-diagonal elements of 6:
2Re(A(h))ai; +b;;, which are nonnegative if b;; > 0, Vi #
j, since a;; > 0, Vi # j; otherwise the following condition
is needed: b
2Re(A(h)) > M

aij

(13)

Finally, all the elements on the main diagonal of 6 are:
IA(R)?| = 2Re(A(h))|ai| + b (14)
where b;; > 0. Recalling that b;; = a2, + anzo a;jaj; is
J#i
easy to verify that the expression (14) is always positive for
all h > 0.

From (12) and (13), the condition h < 2Re() min B
%,J€ ©

is straightforward.
This concludes the proof. |

Remark 3 Theorem 2 is a general condition for all the
complex conjugate roots of a p — th order diagonal Padé.

For the second order one it becomes h < 6 min Zij .
ijep | i1

C. p — th order diagonal Padé transformation

Finally, we can write the conclusion of the decomposition
issue, introducing a sufficient criterion to find a sampling
time interval of values, which preserves both positivity and
stability, for the p — th order diagonal Padé transformation.

Theorem 3 Let A, be a Metzler and Hurwitz stable matrix
and Aq(h) = Cp(Ach) be the p — th order diagonal
Padé approximation to e<". Let &y and \s, ;\g the real
and complex conjugate roots of the Padé, respectively.
Let & :mgin ag and \ zn%in Re()\;). Then Agq(h) is

nonnegative and Schur stable for every h < h*, where

h* =min {min > 2Re(\) min g }, 15)

i lagl|’ i.7€P |bjl
with a;; and b;; which are the i,j element of A. and A2
respectively.

Proof: Decomposing the p — th order diagonal Padé
approximation into real and complex conjugate roots we
achieve:

Aah) = [ o)1 + A42) =

0=1
n

[V

/
x TT (IAs ()T + 2Re(As(h) Ao) + A2) x
8

Il
-

(ag(h)I — A) ™" x

X
s
s I

% TT (Ms(h) 21 = 2Re(As () Ac) + 42) ™

>
Il
—

(16)

~ where m+n = p, ag(h) = 32 and \s(h) = 32, Ni(h) =
’\—5 and &y, \s; and 5\§ are the real and complex conjugate
roots of the p — th order diagonal Padé transformation
respectively.

Every real and complex conjugate root can be analyzed
as in Theorems 1 and 2, respectively, finding, for each

of them, a relation like hy <min 2 and hs; < min
i laiil i,jeP

2Re(\s) i, i # j. Hence, it is sufficient choosing the

[bij]”




minimum between mein hg and m&in hs, which are achieved

taking into account only & and . The minimum between
them is A* and this completes the proof. |

Remark 4 There may be cases in which the condition on
the complex conjugate roots gives h = 0 as sufficient
condition: a;; = 0 and the corresponding b;; # 0. However,
there exists a subset of Metzler matrices A. for which it is
always possible to find h* > 0:

Qi
A=<A.: mi Yo£0y,
e gy
where, as already stated previously, a;; and b;; are the i, j —
th element of A. and A? respectively.

7)

Example 1 Let

Ae =Hay} =
—17.0936 6.551 9.5974 7.5127
. 7.5469  —11.6261  3.4039 2.551
2.7603 1.19 —15.8527  5.0596 ’
6.797 4.9836 2.2381  —16.9908

that is Metzler and Hurwitz. Instead, A2 = {b;;} is not
Metzler. It is trivial to verify that A, € A. We use, for
example, the 5 —th order Padé transformation, whose roots
are o = 7.2935, A\; = 4.6493 4 7.1420¢, \] = 4.6493 —
7.14204, Ao = 6.7039+3.4853¢ and N5 = 6.7039— 3.4853.
Applying Theorem 3, h < 0.3221, which gives as result, with
h = 0.3221:

0.2911 0.3107 0.2856 0.2644
Ay = 0.2855 0.3077 0.2762 0.2550

0.1446 0.1527 0.1431 0.1327 |’

0.2226 0.2372 0.2149 0.2007

which is positive and Schur stable.

D. Counterexample for the sufficient condition on h

When A. ¢ A the sufficient condition introduced in
Theorem 3 returns h = 0 for every p > 2, because of
the condition on the complex conjugate roots. It could
be interesting, therefore, to understand if the sufficient
condition found with the first order Padé transformation,
hy < hj, can be used with higher orders Padé, hg > R
where h is the value found applying the sufficient condition
of Theorem 3 to the p—th order Padé transformation and h;)
is the real maximum suitable value of the sampling time h
which makes the p — th order Padé transformation mapping
Metzler into nonnegative matrices. Such a value can be
found by simulation.

Two scenarios are possible:

1) p — th diagonal Padé transformation, with p > 1,

maps Metzler and Hurwitz matrices into nonnegative

and Schur ones when h belongs to an interval [0, Ap],
with hyy > hi;
2) there is a gap into the interval of suitable sampling time
values for some values of p.
Therefore, in case 1, see Example 2, it is possible to use hJ,
i.e., the sufficient condition found for the first order diagonal
Padé transformation, with higher order diagonal Padé. In the
second case, instead, it is not possible to use it apriori, since
the interval found is not included in the suitable % values
for higher orders transformations, even if the intersection
can be not empty, see Example 3.

Example 2 Let

Ac = {ay} =
—0.5369  0.2920 0 0 0
0.5269 —0.3175 0.3724 0 0
= 0 0.0155 —0.8721  0.0527 0 ,
0 0 0.4897 —0.3318 0.4177
0 0 0 0.2691  —0.4277
that is Metzler and Hurwitz, while A? = {b;;} is not

Metzler. Applying Theorem 3 with p = 1 and, for example,
p =2 we find hi = 2.2933 and h3 = 0, because of the zero
elements in A, and the corresponding nonzero elements in
A2, Still, it is possible to find, numerically, the real sampling
time intervals that achieve a nonnegative discretization for
both the first and the second order diagonal Padé and they
are: [0,h¥] =[0,2.37] and [0, h¥] = [0,17.37].

Hence, in this case, it was possible to use hi also for
the second order Padé transformation and, according to
simulations, it works for higher orders too.

Example 3 Let

Ae ={ai;} =
[ —10-3 1 0 0 0
0 —10-3 1 0 0
B 0 0 —-1073 . 0 0
0 0 0 —1073 1
. 0 0 0 0 —1073 |

that is a 10 x 10 Metzler and Hurwitz matrix, while
A% = {by;} is not Metzler. Applying Theorem 3 with
p = 1 and, for example, p = 2 we find hi = 2000
and hi = 0, because of the zero elements in A, and the
corresponding nonzero elements in A% In this case, if we
look numerically for the real sampling time intervals, which
achieve a nonnegative discretization for both the first and
the second order diagonal Padé, we find: [0, hY] = [0, 2000]
and {0} [hy , hy] = {0} U[1512.2,3464]. The former is
not a subset of the latter, hence it is not possible to use a-
priori a value of the first interval with the second order Padé



transformation, even if it is still possible to find an interval
of values of h that satisfies both the transformations.

The not trivial issue is to distinguish a-priori between
cases 1 and 2.

E. Second order systems

The two cases shown in Section III-D cannot happen
when A, is a second order matrix. In this case A, always
belongs to A, since a;; = 0 implies that |b;;| = 0 too,
therefore the sufficient condition formulated in Theorem 3
always succeeds in finding a solution.

For the second order systems, n = 2, the sampling time h
that satisfies the sufficient condition for the first order Padé
achieves a nonnegative discretization using the second order
Padé too.

Lemma 1 Let A, be a 2 x 2 Metzler and Hurwitz stable
matrix. If Agn = (a(h)I + A.)(a(h)I — A.)~! = 0 then
. alh) A, A2 -

Ac = 2ReOM) G sty (1+ o)

and Hurwitz matrix. Here a(h) and A(h) are the roots of
the first order and second order Padé respectively, and both

Sfunctions of the sampling time h.:

is a Metzler

a(h) =2, Ah) =

=R
>t

Proof: Define
Agr = (a(h)I + A (a(h)I — A,)™!
Aaz = (IA(W)PT + 2Re(A(h)) Ac + AZ)

x (IA(R)’T — 2Re(A(h))Ac + AZ) ™!
where Ag; is the matrix achieved using the first order Padé,
which has a real root a(h), and A4o is the one achieved
through the second order Padé, whose roots are complex

conjugate: A(h) and A*(h). A. is the matrix achieved
applying the inverse Padé of the first order to Ags:

A~c = (Ad2 — I)(Adg + I)_loz(h) =

_ a(h) A 4 N9
_2R6(/\(h))|)\(h)‘ xR <I+ |)\(h)|2) .

Let A, be a 2 x 2 Metzler and Hurwitz matrix:

—a b
Ac:|: ¢ _dil’

where a, b, ¢, d >0, (a+d) >0 and ad — be > 0.

(18)

Agr =(a(h)T + A)(a(h)I — A)~! =

2ba(h) ] |

IE (20)
T A7 | 2ca(h) o

where 31 = o?(h)—(a—d)a(h)—ad+be, B2 = a?(h)+(a—
d)a(h)—ad+bc and Ay = o?(h)+(a+d)a(h)+ad—be > 0
since A, Hurwitz and the Padé roots have positive real part.

Ag1 is nonnegative if ad — be < o2 and this condition
is fulfilled if the sampling time A is such that a(h) >max

{a,d}, i.e. a(h) >max
From (19) it follows

| 'L’Ll

o Oé(h) Ac =
Ac =2Re(A(h ))|)\(h) [ TA)] ( l/\ P ) e
_ 2Re ) a(h) { ¢1(h ]
IA(h)l ¢3(h
where
a d ad — be
$1(h) = - AR AR A2
b ad — be
92(h) = X0 (1 N |/\(h)2>
c ad — be
s(h) =3 (1_ IA(h)2> -
d a ad— bc
pa(h) = — AR)] |/\( ) \2( )I?
_(ad—bC) a? + d? + 2be
AQ - |/\|4 ‘)\|2 * b

The elements on the main diagonal of A, are always
negative, while the extra-diagonal elements are positive if

1- % > 0, that is true if a(h)? < |A(h)|?. This last
inequaiity is always verified since the root of the first order

Padé «(h) is greater than 1 and less than the absolute value
of the root A(h) of the second order Padé.

A, is also Hurwitz. Indeed, consider a complex number
x+iy with © < 0 and apply the transformation (z+1iy)(I+

(z+iy)?) "

T+ iy z(14 22 +y?) +iy(l — 2 — y?) 23)
1+ (z+y)? (1422 —y?)? + 422y?
x—+ iy z(1+ 2% +y?)
R = 0, V 0.
e(1+<x+z’y>2) (a2 —y22dazy? =0 70 °
(24)
This concludes the proof. |

Theorem 4 Let A. be a 2 x 2 Metzler and Hurwitz stable
matrix. If Agy = C1(Ach) is the first order diagonal Padé
approximation of e**" and is nonnegative and Schur stable
for any hy < hi, then Age = C2(Ach), second order
diagonal Padé approximation of e”<", is nonnegative and
Schur stable for any hy < h3, with h3 > h}.

Proof: According to Lemma 1 if A4 is nonnegative
and Schur Vhy < h}, then A, is Metzler and Hurwitz Vh; <



hi. This implies that, for the same values of the sampling
time, Ag4o is nonnegative and Schur too. Indeed,

- - -1
A A,
Ago = <I+ a(h1)> <I a(h1)> . (25)

The second matrix of the product in (25) is the inverse of
an M-matrix, hence it is nonnegative. Moreover, since A,
is Metzler, only the elements on the main diagonal of the
first matrix need to be checked, if they are nonnegative Ao
will be the product of two nonnegative matrices.
¢2(h1)
pa(h1)

2

)] | #alh)

where ¢;(hq) are defined as in (22). Recalling the definition
of Ay in (22) and that Re(A(h1)) < |A(h1)], it is easy to
see that the elements on the main diagonal are positive. This
concludes the proof.

Remark 5 Let oy be the real root of the first order Padé
transformation and g, N5 be the complex conjugate roots
of the second order one. We have proved in Theorem 4 that
hi < h3, ie min (217 < 2Re(\2) min g4, Moreover, by
i e igep |bis
simulation it is possible to notice that the minimum absolute
value of the real part of the Padé roots increases with the
transformation order, even if we have not been able, by now,
to prove it analytically. Since |a;;|, a;; and |b;;| do not
change with the Padé order, a straightforward consequence
is that the sufficient condition of Theorem 3 will always
result in increasing values of h. Therefore the value of h
found with the first order Padé maps Metzler 2 X 2 matrices
into positive ones for every Padé order p.

IV. LYAPUNOV FUNCTION PRESERVATION

In the following section we will present some preliminary
results on the Lyapunov functions preservation through the
Padé approximation [16]. Particularly both the quadratic and
linear co-positive Lyapunov function, see [17], [3] and [18],
can be preserved.

As we have shown in the previous, positivity preservation
is not a trivial issue.

Lemma 2 Let A, be a Metzler and Hurwitz stable matrix
and Ay = Cy1(Ach) be the first order diagonal Padé
approximation of eAeh . Moreover assume h <min ﬁ
where a;; are the elements of the main diagonal of the matrix
A, and & is the real root of the first order diagonal Padé
approximation. Then

1) Ag4(h) is a nonnegative and Schur matrix;
2) if v(z) = a’Px, with P = P’ > 0, is a quadratic
Lyapunov function for A., that is

2 (ALP+ PA.)z <0, Vz =0 (27)

then v(x) is a quadratic Lyapunov function for A4(h)
too, that is

2’ (A,PA; — P)x <0, Vz = 0; (28)

3) if v(z) = w'z, w > 0 is a linear co-positive Lyapunov
function for A., that is

w'A, <0,

then v(x) is a linear co-positive Lyapunov function for
Aq(h) too, that is

wAy < w'.

Proof: Since Ay is the first order diagonal Padé
approximation, it can be decomposed in its real root a(h) =
o A4(h) = (a(h)] + Al) (a(h)I — A.) ™", where a(h) =
7> @ > 0. For the first order Padé a = 2.

1) Ag4(h) is Schur according to [15], since the transfor-
mation used is the Padé (1,1). Moreover, let a;; > 0
be the elements of the Metzler matrix A., which has
the following structure:

[oY=udle)

—la11] Q1n
; (29)
Gnil R _|ann|
Ag(h) is also nonnegative if & Zm;ax |ai;|, that is if
a>h max la;;| or, equivalently, h gmiin %, since
it becomes the product of two nonnegative matrices,
recalling that the second one is the inverse of an M-

matrix.
2) From (27) follows that (28) becomes

.’L‘/(A/dPAd — P)CL‘ =
=2/[(a(h)] — Ao)™ (a(h)] + Ac)’

~—
X

x
x [((h)I + A.) P (a(h)] + A.) +
— (a(h)T — Ao) P(a(h)I — A)]x

x (W) — A o=

2 (a(h)I — A.)” [2a(h) (ALP + PA,)|

x ()] — A) 'z <0, Vo = 0

since (27) holds and the matrix («a(h)I — A.) is an
M-matrix, hence its inverse is nonnegative for all h.

3) Following the same rationale of the previous point we
can write:

w'Ag —w' = 2w A, (a(h)I — A) " < 0.

This completes the proof. |



Lemma 3 Let A, be a Metzler and Hurwitz stable
matrix. Let 0 = (AMh)I+ A) (M (W) I+ A.), 6 =
AR — AL) (N (h)I — A.) and, finally, define

Aq(h) = 6,65 (30)
and assume that N\ = %, that is a complex number with

Re(X) > 0, is such that 0y is an M-matrix and 6, is a
nonnegative one. Then

1) if v(x) = o' Px, with P = P' > 0, is a quadratic
Lyapunov function for A, that is

2 (ALP+ PA.)x <0, Vz = 0, 31)

and h is also sufficiently small so that

—|A(h) P2/ (ALP + PA.)x = 2’ AL(ALP + PA.)A.x

(32)
is satisfied for each x > 0, then v(x) is a quadratic
Lyapunov function for Ay(h) too, that is

' (AL,PA; — P)x <0, Vz = 0; (33)

2) ifv(x) = w'z, w = 0 is a linear co-positive Lyapunov
function for A, that is

w' A, <0,

then v(x) is a linear co-positive Lyapunov function for
Aq(h) too, that is
!/ !
wAg < w'.

Proof:

Recalling (30), we want to show that 2/(ALP +
PA:)xz < 0 implies 2'(A,PAg — P)x < 0 Yz > 0.
Indeed,

' (AyPA; — P)x =
=205 [(|A(R)*T + 2Re(A(h))Ac + A2)' Px

x (JA(R)[2I + 2Re(A\(h))Ac + AZ) — 05P0:]0; 'z =
=2'05 [4A(R)|?Re(\(h))(ALP + PA.)+

+ 4Re(A(h))AL(ALP + PA.)A.)0; 'z

1

~

—~ =

(34)

that is negative, if h satisfies (32), for all = > 0.
Following the same rationale of the previous point we
can write:

w' Ag —w' =4Re(A(h))w' A, (A(h)] — A.) ™ x
X (A*(R)I — A.)"" <.
This concludes the proof. |

2

~

Remark 6 As shown in Theorem 3, it is possible to find
a sufficient condition on the real part of the roots A(h)
of the complex Padé transformation in order to achieve a
nonnegative matrix Aq. Calling a;; the elements of A. and

bi; the elements of the matrix A2, the condition on \(h)
would be Re(A\(h)) > 5 max

i,jEP
formulated using the sampling time h, recalling that A\(h) =
2: h < 2Re(\) min |Zf’-f|. Still, as it has been shown in

i,jeEP 1Vt

Section III-D, there can be cases in which the result of this
sufficient condition is h = 0, because a;; = 0 and b;; # 0,
that is unacceptable.

bij ; .
—‘a’ﬁ‘. This condition can be
ij

It is now possible to introduce the discretization of
switching positive systems by p — th order diagonal Padé
transformation.

Consider a continuous-time switched linear positive sys-
tems of the general form

m(t) = Aco‘(t)l'(t)a

defined for all ¢ > 0, where z(t) € R’ is the state
variable vector, o(t) € {1,2,..., N} is the switching rule,
xo € R is the initial condition and A.; belongs to the set
{A.1,...,Acn}- In order to be a positive system A.; has
to be Metzler, i.e. a;; > 0, ¥(4,j), i # j and a;; <0, Vi.

x(0) = zo, 35)

Theorem 5 Consider system (35). Let A.; be a Metzler and
Hurwitz stable matrix for all i = 1,...,N and Ag;(h;) =
Cy (Acihy) be the p—th order diagonal Padé approximation
of efeili, with h; < h¥, h® achieved using the condition
(15) of Theorem 3.

Let h* =min h}, then Yh < h* the discretized system

2k +1) = Ag(R)a(k) (36)

is positive, where 1 =€ {1,2,...,N}.

Moreover, if there exists a common linear co-positive
Lyapunov function, or a quadratic one and h is such that
(32) holds, for system (35), then the origin x = 0 is globally
uniformly asymptotically stable for system (36) too under
arbitrary switching.

Proof: Positivity of system (36) is straightforward from
Theorem 3, since the minimum condition on h, h < h*, is
taken into account in order to guarantee the positivity of
each matrix Ag;(h); hence the switching system achieved
applying the p — th order diagonal Padé transformation is
positive under arbitrary switching.

Moreover, following the idea expressed in [16], we recall
that Agy; (h) = Cp(Amh) = Qp(Acih)Qp(—Acih)il and
that A4;(h) can be factored as in the Proof of Theorem 3.

Since all the constituent matrices commute with each
other and the sampling time preserving positivity makes also
02 of Lemma 3 an M-matrix, we can apply Lemma 2 and
the second part of Lemma 3; then, if there exists a common
linear co-positive Lyapunov function for system (35), it is
preserved by the p —th order diagonal Padé approximation.



If h is such that condition (32) is fulfilled, then also the first
part of Lemma 3 holds and common quadratic co-positive
Lyapunov functions are preserved too.

Recalling that if there exists a common Lyapunov func-
tion for a switching system, it is globally uniformly asymp-
totically stable under arbitrary switching [5], [19], the sys-
tem (36) is globally uniformly asymptotically stable under
arbitrary switching and positive for all o < h*. ]

Remark 7 If A.; € A Vi, then it is always possible to find
h # 0 for which system (36) is positive.

V. CONCLUSIONS

In this paper we cope with the effect of the p — th Padé
transformations on positive systems. We provide sufficient
conditions for both positivity and quadratic and linear co-
positive Lyapunov function preservation; an analysis of
switched positive systems follows. For second order systems
a complete picture of the solution is provided; for higher
order systems a few conjectures are included showing the
peculiarity of the positivity property under discretization.
Many examples and counterexamples are also given to
illustrate the efficacy of our results.
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