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In this paper, we consider a remote estimation problem where multiple dynamical systems are
observed by smart sensors, which transmit their local estimates to a remote estimator over channels
prone to packet losses. Unlike previous works, we allow multiple sensors to transmit simultaneously
even though they can cause interference, thanks to the multi-packet reception capability at the remote
estimator. In this setting, the remote estimator can decode multiple sensor transmissions (successful
packet arrivals) as long as their signal-to-interference-and-noise ratios (SINR) are above a certain
threshold. In this setting, we address the problem of optimal sensor transmission scheduling by
minimizing a finite horizon discounted expected estimation error covariance cost across all systems
at the remote estimator, subject to an average transmission cost. While this problem can be posed as
a stochastic control problem, the optimal solution requires solving a Bellman equation for a dynamic
programming (DP) problem, the complexity of which scales exponentially with the number of systems
being measured and their state dimensions. In this paper, we resort to a novel Least Squares Temporal
Difference (LSTD) Approximate Dynamic Programming (ADP) based approach to approximating the
value function. More specifically, an off-policy based LSTD approach, named in short Enhanced-
Exploration Greedy LSTD (EG-LSTD), is proposed. We discuss the convergence analysis of the EG-LSTD
algorithm and its implementation. A Python based program is developed to implement and analyse the
different aspects of the proposed method. Simulation examples are presented to support the results
of the proposed approach both for the exact DP and ADP cases.
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1. Introduction order to obtain an optimal trade-off between estimation accu-
racy and energy use. Unlike the traditional channel multiplex-
ing techniques such as scheduling a single sensor per resource
block (e.g. per time-slot (TDMA) or per frequency slot (FDMA)),
the modern wireless communication systems are equipped with

decoding signals in the presence of interference using a more

Wireless Sensor Networks (WSN) are adopted in numerous
applications in remote estimation and control due to their advan-
tage in reduced wiring, modularity, accuracy in measurements
with multiple sensors, and better agility (Pezzutto, Schenato,

& Dey, 2020). It may not be desirable to have all the sensors
transmitting their measurements at all time instants due to the
constraints on communication bandwidth and the sensor battery
life. Multiple simultaneous sensor transmissions can also cause
interference with each other and sensor transmissions can be
lost due to collisions. Hence, the problem of defining a proper
sensor scheduling policy arises, where the objective is the acti-
vation of different subsets of sensors at different time slots in
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complex receiver that employs multi-user detection (mobile
broadband communication such 3G systems), and multipacket
reception (Wireless LAN) (Pezzutto et al., 2020). These receivers,
by allowing multiple transmissions at the transmitters in the
same resource block, make better use of the available resources,
as opposed to TDMA or FDMA. While this is widely researched
in the context of multi-terminal network information theory
involving multiple access/broadcast/interference channels, it has
not been investigated in the context of wireless control systems.

1.1. Literature review on sensor scheduling

As state estimation is crucial to feedback control systems,
efficient processing of sensory data under limited resources is
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important (Wu, Jia, Johansson, & Shi, 2013). The quality and the
accuracy of the estimation can be improved by trading off com-
munication bandwidth, energy budget, and transmissions power
(Nourian, Leong, & Dey, 2014; Shi, Cheng, & Chen, 2011a, 2011b).

As communication is expensive in wireless sensor networks,
efficient utilization of online information to reduce communi-
cation rate is another research interest, see Leong, Dey, and
Quevedo (2017), Ren, Wu, Johansson, Shi, and Shi (2018) where
event-triggered transmission strategies can be found. The band-
width of wireless communication channels can be limited, and
only a few sensors are allowed to be activated in each time
slot since the sensors can interfere with each other. In Gupta,
Chung, Hassibi, and Murray (2006), the authors analysed the
performance of a stochastic sensor selection algorithm for two
problems, that is to say, sensor scheduling under channel band-
width limitation and sensor coverage in a given location. The
reader can also refer to Han, Wu, Zhang, and Shi (2017), Ren,
Wu, Dey, and Shi (2018) for similar studies.

Sensor scheduling problems have also been investigated in
infinite time horizon frameworks, e.g., in Zhao, Zhang, Hu, Abate,
and Tomlin (2014) it has been proven that, under some mild
conditions, both the optimal infinite-horizon average-per-stage
cost and the corresponding optimal sensor scheduling policy are
independent of the covariance matrix of the initial state. More
complex sensor scheduling problem scenarios can be found in
literature. For instance, in Liu, Quevedo, Johansson, Vucetic, and Li
(2021), remote state estimation of multiple systems over multi-
ple Markov fading channels has been considered together with
the need of guaranteeing the existence of a stabilizing sensor
scheduling policy. In Leong, Ramaswamy, Quevedo, Karl, and Shi
(2020), a deep Q-learning approach has been presented to deal
with a multi-process multi-channel sensor scheduling problem.
However, Q learning based approaches have to take into ac-
count some issues, e.g., instability and convergence problems and
sampling mechanism complexity (Bertsekas, 2012).

In almost all the mentioned works, it is assumed that either
a single sensor can be scheduled at each time slot, or there is
no interference caused with simultaneous transmissions. There
are two notable exceptions where interference is taken into ac-
count: in Gatsis, Ribeiro, and Pappas (2018), the authors proposed
a channel-adaptive optimal random access scheme for remote
control of multiple systems, and in Li, Chen, and Wong (2019),
the authors studied the optimal power allocation for remote
estimation. In Pezzutto et al. (2020), the authors have recently
considered two types of interference over a wireless transmission
channel with two sensors deployed for the remote state estima-
tion of a linear time invariant dynamic system. In this work, the
sensitivity of the different parameters on a single stage Dynamic
Programming (DP) optimization problem has been investigated.

1.2. Scope and contribution of the paper

This work addresses the sensor scheduling problem for remote
state estimation of multiple linear time-invariant Gauss-Markov
processes. Each process state is measured by a smart sensor,
which is able to compute the local state estimate of the process
and transmit it to a remote estimator. The packet reception
model accounts both for the interference due to incoming signals
transmitted by other sensors and the external noise. We consider
a multi-packet reception scheme based on the capture property
of the wireless receiver (Zanella & Zorzi, 2012), where any sen-
sor state estimate with a Signal-to-Interference-and-Noise Ratio
(SINR) above a certain threshold can be successfully decoded by
the remote estimator. In this scheme, each sensor can observe
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the interference due to the other sensor transmissions and the
external noise.’

Unlike previous works, we consider here computationally ef-
ficient solutions to sensor scheduling problems for linear time
invariant dynamic systems (Single Input-Single Output/ Multi
Input-Multi Output), see Leong, Dey, and Quevedo (2017), Pez-
zutto et al. (2020). We can notice that finding an analytical solu-
tion for the sensor scheduling problems is impractical unless for
special cases with conservative assumptions and small size sys-
tems (see Leong, Dey, & Quevedo, 2017; Pezzutto et al., 2020). We
formulate the scheduling problem of Multiple Sensors-Multiple
Processes (MSMP) over a noisy wireless transmission channel
as an MDP with an error covariance discounted cost function,
computed over a finite time horizon. Our MDP framework differs
from the ones shown in previous works such as Leong, Dey,
and Quevedo (2017), Wu, Ren, Dey, and Shi (2018) in three
main aspects: the modelling assumption and the related problem
formulation, the handling of the MDP scalability issues, and the
proposed solution. Our main objective is to compute an appro-
priate sensor scheduling policy to minimize an expected cost
function which depends on the state estimation error covariance
of each sensor. It is natural to apply Dynamic Programming (DP)
techniques (Bertsekas, 2012; Forootani, lervolino, & Tipaldi, 2019;
Forootani, Tipaldi, Ghaniee Zarch, Liuzza, & Glielmo, 2020b) to
solve MSMP transmission scheduling problems modelled as MDP.
However, the scalability issues of practical size MSMP problems
call for the usage of ADP based techniques (Bertsekas, 2012).
Recent applications of the ADP can be found in different fields,
such as multi-agent robotic systems (Deng, Chen, & Belta, 2017),
optimal stopping problems (Forootani, Tipaldi, lervolino, & Dey,
2022), and resource allocation problems (Forootani, lervolino,
Tipaldi, & Neilson, 2020; Forootani, Liuzza, Tipaldi, & Glielmo,
2019).

In this paper, we approximate the optimal cost function by a
compact parametric representation, which is also referred to as
approximation architecture (Bertsekas, 2011; De Farias & Van Roy,
2003; Forootani et al., 2022; Geist & Pietquin, 2013). A new
algorithm, named in short Enhanced-exploration Greedy Least
Squares Temporal Difference (EG-LSTD), is proposed to compute
such approximation. The EG-LSTD algorithm is a special type
of the classical LSTD method (Tsitsiklis & Van Roy, 1997). It
has been derived from the Multi-trajectories Greedy LSTD (MG-
LSTD) algorithm, presented by the authors in Forootani, Tipaldi,
Ghaniee Zarch, Liuzza, and Glielmo (2020a). The EG-LSTD algo-
rithm can be regarded as an off-policy LSTD approach since the
initial state of each trajectory is selected by applying a proba-
bility distribution different from the frequencies of the MDP at
hand. In general, off-policy LSTD methods may not be convergent
(see Tsitsiklis & Van Roy, 1997, Th. 3). Hence, inspired by Bert-
sekas and Yu (2009), we derive a condition for the selection of
the initial states of each trajectory to guarantee the convergence
of the EG-LSTD algorithm.

The main contributions of this article can be summarized as
follows: (i) modelling MSMP transmission scheduling problems
over a wireless packet dropping channel with SINR as an MDP;
(ii) considering a stochastic discounted DP framework to solve
the resulting MDP with the error covariance matrices of the
state estimation filters (Kalman filters) as the cost per stage;

1 In information theoretic context, for additive Gaussian white noise channels,
the bit error probability is assumed negligible if the signal-to-noise ratio (SNR)
exceeds a certain probability, typically of the order of 10~* to 10~¢ with
suitable modulation and coding. Similar to the SNR case, it can be shown that,
with a suitable choice of modulation and error control coding, the packet loss
probability can be made negligibly small when the SINR exceeds the required
threshold (Perez-Neira & Campalans, 2010).
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(iii) proposing a novel LSTD based algorithm for cost function ap-
proximation of the MSMP problem over an infinite time horizon
to make use of it for the finite time horizon decision making; (iv)
developing a Python based program to implement the different
phases of the MSMP transmission scheduling problem modelling,
resolution, and result analysis. This paper is organized as follows.
Section 2 provides an overview on MDP and projected based
ADP techniques applicable to this work. The modelling approach
for the MSMP problem is given in Section 3. Its stochastic DP
formulation is presented in Section 4. The EG-LSTD algorithm
along with its convergence properties is discussed in Section 5.
Numerical simulations and their results are provided in Section 6.
Section 7 concludes the paper. Finally, all proofs of the main
Lemmas are provided in Appendix A.

2. Preliminaries on MDPs and ADP

This section briefly provides an overview of some MDP and
ADP concepts used in the paper.

2.1. Preliminaries on MDPs

The basic structure of an MDP is defined as follows (Forootani
et al,, 2020):

e S: a finite set of states with the cardinality 2. We denote
by S(k) =S € Sand S(k+1) = S’ € S two generic elements
of this set at the consecutive time slots k and k + 1.

e U: a finite set of actions. We denote by u(k) = u € u
a generic element of this set at the time slot k, which is
assumed to be an N-dimensional vector with the associated
elements 0 or 1. The cardinality of 2/ is 2V.

e A state transition probability function Pss/ (1) := [P(S/ls , u)],
P:SxUxS— [0,1], which is defined as the probability
that an action u, performed in the state S at time slot k, leads
to state S’ at time slot k + 1.

e L :S xU — [0,400) an instantaneous cost function. It is
denoted as £(S, u) for any generic S € S and u € U.

We define a decision u(S, k) as the mapping between the
whole state space S and the set of actions ¢/, at a given time
slot k. For the sake of simplicity, in the paper we remove the
explicit dependency on the state, i.e., u(S, k) := u(k). By denoting
with 7 = {u(0), ..., u(N — 1)} the sequence of decisions as the
policy over the finite time horizon A/, the associated expected
cost function starting from the initial state S(0) over A is written
as follows

J=(S(0)) = E [NZ_] o £(S(k), u(k)) +1N(S(N))] , (1)

k=0

where E{-} is the expectation operator calculated over the visited
states when applying the policy 7, 0 < a < 1 is the discount
factor, J (S(0)) is the expected cost function of the policy 7, and
Jn(+) is a given terminal cost function evaluated at final stage.
The optimal finite time horizon discounted cost function can be
expressed as

N—1
J*(8(0)) = min E [Z a*c(Sk), u(k)) +]N(s(/\/))} . (2)
k=0

Note that the expressions (1),(2) can be easily extended to
the infinite time horizon case by computing their limit value for
N — oo and setting J,- to zero (Bertsekas, 2012). With a slight
abuse of notation, we can define (1) and (2) for a generic state
SeSasj,(S)andJ* (S) respectively. When we refer to the whole
state space, we can define the overall cost function | : S — R¥
as a vector whose components are J,(S).
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Definition 2.1. Let us denote the MDP state transition proba-
bility matrix for the optimal stationary policy =* = {u*, u*, ...}
with P* € R?*# with elements P, = Pss(u*), any given cost
function vector with | € R (with components J(S)), and the
optimal instant cost vector with £* € R (with components
£(S,u*)). We define the mapping 7* : R? — R% (Bellman
operator)

K N !

(FI)S) = min[£(S, u) + o ) Pssr(u)(S")]- (3)
S'es

By using a compact matrix form, we can express the Bellman
operator as: F*J] = £* 4+ aP*]. As stated in Bertsekas (2012),
the mapping (3) provides a convenient shorthand notation in
expressions that would be too complicated to write otherwise.
It can be regarded as the optimal cost function for the one-stage
problem with stage cost £ and terminal cost «].

When we refer to any stationary policy # = f{u,u,...,}
(either optimal or not) with corresponding stochastic matrix P €
R?*2 (with elements Pss = Pssr(1)) and any given cost function
J, the related Bellman operator becomes: F,J] = £+«aP], where,
with a slight abuse of notation, we have removed the explicit
dependency of P and £ from the specific stationary policy. As
shown later, the off-policy with respect to the optimal stationary
policy n* is denoted with # = f{u,u,...,}. By defining its
state transition probability matrix as P € R?*¥ and the instant
cost vector as £ (with components Z(S, 1)), the related Bellman
operator becomes: FJ = £ + aPJ.

2.2. Preliminaries on ADP

In general, solving the Bellman equation has an exponential
complexity with respect to the state and action space, and is
computationally prohibitive. The goal is to approximate the cost
functionj : § —>~R9 of an MDP with a parametric architecture of
the form J(S,1),J : S x R™ — R¥?, where r € R™ is a parameter
vector that has to be computed. The choice of the architecture is
very significant for the success of the approximation approach.
One possibility is to use the linear form

m
J(S.1)="_"ri(S), (4)

i=1
where r; is the ith component of parameter vector r € R™, and
¢i(S) are some known scalars that depend on the state S. For
each state S, the approximate value J(S, r) is the inner product
of ¢(S) and r where ¢(S) = [¢1(S),...,¢m(5)]T. We refer to
¢(S) as the feature vector of S, and components ¢;(S) as features.
Thus the cost function is approximated by a vector in the feature
subspace A = {®r|r € R™}, where @ € R?*™ is called feature
matrix with each row ¢(S)". Note that in general we have m «
£2. The m columns of @ are viewed as basis functions, and @r
as a linear combination of basis functions. The vector r can be
computed via the Monte Carlo simulations approaches, e.g., the
LSTD method (Tsitsiklis & Van Roy, 1997). Now we recall some
definitions, assumptions, and results useful for the understanding
of the paper.

Assumption 1. For each admissible stationary policy 7 *, 7, and
7w the underlying Markov chain is irreducible and regular. The
related stochastic matrices P*, P, and P have unique steady
state probability vectors £* € Rf with components & > 0,
& € RY with components & > 0, and & with components & > 0
respectively.

Assumption 2. The matrix @ has rank m.
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Assumption 1 is equivalent to assuming that the Markov chain
is irreducible, i.e., has a single recurrent class and no transient
states. As explained in Bertsekas (2012), thanks to Assumption 1,
the contraction property of the associated Bellman operator in
the feature subspace holds, which implies the existence of the
fixed point of the projected Bellman equation. On the other hand,
Assumption 2 is equivalent to the basis functions (the columns
of @) being linearly independent, and is analytically convenient
because it implies that each vector J in the feature subspace A
is represented in the form @r with a unique parameter vector r.
As a result, one can sample according to such steady probability
distribution in order to compute via Monte Carlo simulations
the parameter vector r of linear cost function approximation (4).
These aspects are exploited in the proposed EG-LSTD algorithm.

We use the weighted Euclidean norm of any cost function
vector ] € R¥ with respect to the vector of positive weights &

1) le= /U &J). (5)

where & € R?*¥ is the diagonal matrix with the steady state
probabilities &, S € S along the diagonal. Let IT denote the
projection operator of any ] € R onto A with respect to this
norm. In other words, I7] implies computing the unique vector
in A that minimizes the following

P =argmin | — orlz. (6)

It can also be written as 1] = &7, with
f=(@"ze) o’ z], (7)

where IT = ®(®T5®) '¢T 5. Thanks to Assumptions 1 and
2, the inverse (@TE @)~ ! exists. By using the projection opera-
tor, we can introduce the projected Bellman operator I1F,] =
(£ + aP]). As mentioned before, thanks to Assumption 1, the
corresponding projected Bellman equation @r = I1F,(®r) has
a unique fixed point (Bertsekas, 2011). The mapping I1F, is
contraction of modulus o with respect to the weighted Euclidean
norm (5). We denote with J, = &r, the fixed point of ITF,,
ie. or, = [N F,(Pry).

Given the system model, the LSTD algorithm adopts Monte
Carlo simulations to compute the approximate cost function vec-
tor J, of a given policy in the lower dimensional feature space.
The LSTD is performed as the policy evaluation step of the Policy
Iteration algorithm (Bertsekas, 2011). For further discussion re-
garding the LSTD method and its convergence analysis, the reader
can refer to the work reported in Tsitsiklis and Van Roy (1997).

3. Model description

In this paper, we consider N dynamical systems whose states
have to be estimated by a remote estimator, for the case of
N transmitting sensors through a shared wireless channel. The
central node is equipped with a receiver capable of multi-packet
reception, thus allowing more than one sensor to transmit simul-
taneously. To avoid confusion, we denote by transmission period
the time interval during which each scheduled sensor transmits
its encoded information to the remote estimator. For simplicity,
we assume that the transmission periods are contained within
the corresponding sampling periods and are synchronized across
the sensors.

Consider the discrete time processes with the dynamics

xi(k + 1) = Aixi(k) + w;i(k), (8)

where x;(k) € R", withi=1,...N and n; € N, denote the set of
states associated to process i, and wj(k)s are i.i.d. Gaussian process
noises with zero mean and covariances Q; € R"*™, There are
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N sensors, one for each dynamical system,2 with the ith sensor
having measurements

Yi(k) = Gixi(k) + vi(k),

where y;j(k) € R™, with m; € N, and the measurement noise
vi(k) are ii.d. Gaussian noises with zero mean and covariance
R;; wi(k) and v;j(k) are assumed to be mutually independent, and
are also independent of the initial state x;(0). We assume that
the sensors are smart and can run a local Kalman filter. Define
Vi(k) = {yi(0),yi(1),...,yi(k)}. Then, the local state estimates
and error covariances are given by

Riklk = 1) = E[x (k= D], £(kIK) = E[x (110
PS(klk — 1) = E [ (xilk) — R(kIk — 1)) ( xi(k)

i=1,...,N, (9)

— &(klk = 1)) Ttk = 1) |,
PS(k|k) = E[(x,-(k) — R(kIK)) (xiCk) — 2;(1<|1<))T|yi(1<)],

and can be computed using the standard Kalman filtering equa-
tions at sensors i = 1,...,N for each process i (note that
the superscript s denotes the sensor side measurement). More-
over, we assume that each pair (A;, G;) is detectable and the

pair (A;, Qf) is stabilizable. Let I_’f be the steady state value of
Pi(k|k — 1) and P; be the steady state value of P}(k|k), as k — oo,
both of which exist due to the detectability assumptions.

The Kalman filtering equations at the sensor i are given by

R(klk — 1) =A&(k — 1]k — 1)

PS(klk — 1) =AiP{(k — 1]k — AT +
K5(k) =P (klk — 1)CT (GPS(klk — 1)C] +R) ™!
X(klk) =% (klk — 1) + (k) (vi(k) — GXi(klk — 1))
Pi(klk) =(In, — K}(K)G) P (k[k — 1), (10)

where Kj(k) is the optimal filter gain, and I, € R™*" is the
identity matrix.

Let ui(k) € {0,1},i = 1,...,N be decision variables such
that ui(k) = 1 if and only if Xi(k|k) is to be transmitted to the
remote estimator at time k. Note that transmitting state estimates
when there are packet drops generally provides better estimation
performance than transmitting measurements (Schenato, 2008).
We consider the situation where u;(k) are computed at the re-
mote estimator at time k — 1 and communicated to the sensors
without error via feedback links before transmission at the next
time instant k> Since our interest lies in decision making at
the remote estimator, we assume that the decisions u;(k) do
not depend on the current value of x;(k) (or functions of x;(k),
such as measurements and local state estimates). Specifically,
in this paper we assume that u;(k) depends only on the error
covariances at the remote estimator. During the kth transmission
period, a packet containing the estimated state X;(k|k) is com-
municated according to the decision variable u;(k) to a remote
estimator: if uj(k) = 1, then Xi(k|k) is transmitted, while it is
not transmitted if u;(k) = 0. When scheduled, a transmission
may not be successfully completed due to the interference of
other transmissions and channel and receiver noise. We represent

2 This setup can be easily extended to consider the scenario where each
process is observed by a set of sensors that result in a detectable system, as
considered in Pezzutto et al. (2020) for a single process, as long as the sets of
sensors observing different processes are mutually exclusive.

3 Feedback from base stations or wireless access points to the associated
user equipment is common in wireless systems. These feedback information
carry crucial commands regarding power control, scheduling/routing decisions
and many other parameters (Pezzutto, Schenato, & Dey, 2021a).
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this process through the variable n;(k), which is equal to 1 if the
transmission of x;(k|k) is successfully completed, 0 otherwise. The
information set available at the fusion centre at the time instant

UI, k), with

i=1
Zi(k) ={ ui(0)ni(0)%(0]0), ui(Nmi( X;(1]1),
ui(k — Dk — DRk — 1]k — 1) }, (11)

kis Z(k) =

where, with a slight abuse of notation, if u;(t)n;(t) = 0 then,
u(t)y(E)Xi(t|t) = o, ie. X(t|t) is missing, t € {0,1,...,k —
1}. We denote the state estimates and error covariances at the
remote estimator for each process by

Xi(klk) =E[xi(k)|Zi(k)]
Xi(k + 11k) =E[xi(k + 1| Zi(k)]

Pi(k|k) =E[ (x(k) —xk|k)(xk—xk|k) |Z(k)]
Pi(k + 1lkc) =E [ (x(k + 1) — &0k + 1[k)) ( x(k + 1)

— Xk + 1]k) ) TIz(k) ],

Based on the above settings on u; and »;, the remote estimator
updates its estimation of the states as follows

2 (klle) — 1 CKIRD, u(kyni(k) = 1
xi(k|k) = {Aifci(k —1k—=1), uk)ni(k) =0,
(i = | P ui(ky(k) = 1
Filkli = {AiPi(k — 1k = DAT +Q;, ui(k)ni(k) = 0. (12)

For our subsequent analysis, we introduce the matrix function
fi(X) = AXA + Q. (13)
If we define the countably infinite set

S = {P. fi(P). fA(P). ...}, i=1,...,N, (14)

where f!(-) denotes the [—fold composition of f(-). Then it is clear
from (12) that S; consists of all possible values of P;(k|k) at the
remote estimator. With a slight abuse of notation, hereinafter,
we use P;(k) in place of P;(k|k). The affine mapping of symmetric
matrices f!(-) are defined as

FX) =X, (15)

f1(X) =AXAT + Q. (16)
-1

FX)=fio-- o fi(X) = AXA) + Y AQA] ). (17)
N—— =0

1

In computations, since the state space is (countably) infinite, we
will use a truncated version of S; in (14) to*

S = P f(P). AP, .. ST (P}, i=1,...,N, (18)

which will cover all possible error covariances with up to ¢ — 1
successive packet drops or non-transmissions. Note that it can
be shown that the error due to this truncation decays exponen-
tially with increasing N. The schematic diagram of the sensor
scheduling problem addressed in this paper is shown in Fig. 1.

Remark 1. While transmitting estimates require more computa-
tional effort at the sensors, at the steady state, each sensor only
needs to compute the current estimate using the steady state
Kalman gain and the current measurement innovations, which
is computationally not that expensive, thus justifying this choice
over transmitting measurements. Moreover, if the sensors are

4 with a slight abuse of notation, we say S; the truncated version of (14).
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Fig. 1. Schematic diagram of the sensor scheduling problem.

severely computation-constrained, and are restricted to transmit
measurements only, the resulting error covariance matrices for
the ith process at the remote estimator will belong to the general
set of positive semi-definite matrices, instead of the ordered
countably infinite set S; (Gupta, Hassibi, & Murray, 2007; Xu &
Hespanha, 2005).

Remark 2. It is worth noting it is the remote estimator which
needs to know whether the packets have been received or lost,
whereas the sensors simply perform their local estimates based
on their local measurements only.

3.1. Channel model

Denote by P}X the transmitted power of the ith sensor, while
g; denotes the slow fading component of the channel power
gain from the ith sensor to the remote estimator (usually due to
distance based attenuation and shadow fading, and h;(k) is the
fast fading component (due to multipath effects and mobility)
of the same channel during the kth transmission period. We
assume that P and g; are constant, while hi(k) is modelled
as a temporally independent identically distributed exponential
random variable (Rayleigh fading) with unity mean, i.e. hj(k) ~
Exp(1), with h;(k), hj(t) being mutually statistically independent
for Vi # j (Pezzutto et al,, 2020). It follows that the received
power at the remote estimator from the ith sensor P{(k) during
the kth transmission interval is

PY(k) = { PG (k). if u(k) =1

0, if u;(k) = 0. (19)

Given u;(k) = 1, the received power is an exponential random
variable with mean A; = (giPIFX)‘l, i.e. P{(k) ~ Exp(A;). Due to
the intrinsic nature of the wireless medium, background channel
and/or receiver noise is also present. We model it as an Addi-
tive White Gaussian Noise (AWGN) whose average power at the
remote estimator is 82 (Pezzutto et al., 2020).

Without Successive Interference Cancellation (SIC) at the re-
mote estimator (which imposes an optimized decoding order by
decoding the strongest signal and removing its contribution from
the received signal iteratively Pezzutto et al., 2020), the Signal-to-
Interference-and-Noise Ratio (SINR) corresponding to the packet
containing X;(k|k) is

ui(k)P*gihy(k)
> i WikIPPgihi(k) + 82

Note that SIC can further improve the performance at the remote
estimator, but for simplicity, we do not consider it in this work.

A packet from the ith sensor at the kth time slot can be
decoded without error if SINR;(k) > y, where y > 0is a threshold
that is chosen based on the modulation and coding schemes used.

SINRi(k) =

(20)
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We need to have y € (0, 1), which is necessary to enable multi-
packet reception, and can be achieved via clever modulation and
coding schemes at the transmitters. It follows that the packet
arrival process from the ith sensor can be expressed as

1, if SINRi(k) >
0= {3 o

otherwise.

Since the channel gains are independent across time slots,
ni(k) is also an i.i.d. Bernoulli process. However n;(k), n;(k) for
j # 1 may be dependent on each other due to interference
within a given time slot. Arrival probabilities P(n;(k) = 1) can be
computed for fixed transmission powers and scheduling policies,
using the joint distribution of the fast fading gains, as shown
in Papandriopoulos, Evans, and Dey (2005), and are not repeated
here.

(21)

4. Dynamic programming formulation of sensor scheduling
problems

In Section 3, we have provided a model description for MSMP
transmission scheduling problem over a noisy wireless commu-
nication channel. Each sensor i is equipped with a local Kalman
filter characterized by the corresponding steady state error co-
variance matrix P;. In this section, we formulate formally the
MSMP sensor scheduling problem as an MDP with the associated
DP framework. If we define the finite set

S = (P fiP). f2P), ... . f7 (P}, i=1,....N, (22)

where the local state at the i-the sensor is Sj(k) = P;(k), and
clearly Sj(k) € &;. Similarly, the scheduling/control action at
sensor i is given by u; € ¢4 = {1, 0}, where u; = 1 represents
“transmit” and u; = 0 denotes the action of “do not transmit”.
The decision at time k for the state S;(k) = P;(k) is denoted as
ui(k) € t(Si(k)). Based on these definitions, one can then define
a combined time-homogeneous MDP at the remote estimator as
atuple Q = (S, U, T, L).

4.1. MDP formulation of multiple sensors multiple processes schedul-
ing problems

The various components of the combined MDP are defined as
follows.

e S is the entire state space, that is S = @, i, where
& denotes the Cartesian product. The cardinality of S is
denoted by 2, i.e. |[S| = $£2. Moreover, we denote with
S(k) = S and S(k+ 1) = S’ two generic states at consecutive
time slots.

o U= ®f’: 1 Ui is the overall action set. We denote with 24(S)
the set of actions at state S. We denote by u(S(k)) : S — u
as the mapping between the whole state space S and the
set of actions ¢/, at a given time slot k.

e T is the state transition mapping, represented by the state
transition probability matrix with the elements Py (u) =
P[S'|S,u], ie. P : S xU x S — [0, 1], which is formally
defined as the probability that an action u in state S at the
time slot k will led to state S’ at time slot k + 1.

e L:S xU — [0,+00) is the instantaneous cost. In our case
£(S,u) = Y1 (Tr(S) + 1 ug).

where recall that Si(k) = Pij(k). We denote by m = {uj(k),i =
1,...,N,k = 0,...,N — 1} the policy, that is to say, the
sequence of control functions applied over the finite time horizon
N — 1. DP techniques aim at computing the optimal policy
7*(S(0)) € argmin, J;(S(0)). Under the assumption of having
a relative small number of states, we can apply the exact DP
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algorithm, which exploits Bellman’s principle of optimality. In
particular, the optimal cost function can be recursively expressed
as

JE(S(k mlnE:ZTr i(k) +uZu ) + ol ( (k—i—l))}
_r,}llz,r,l{ZTr i(k) +MZu +aZP55r(u)/,j‘+](S’)}.

S'es
(23)

Solving the above cost function for different values of u means
minimizing the sum of the trace of the expected error covari-
ances across the sensors for different average number of total
transmissions (across the sensors). Thanks to Bellman’s principle
of optimality, the generated cost function J;(-) at each time slot
k is equal to the optimal cost function for the tail sub-problem
from time k to time N — 1. It is worth noting that the control
chosen at the time slot k affects the state transitions from S(k)
to S(k + 1), and thus the expected cost function Ji, ;(-). The cost
generated at the last step is equal to the optimal cost function
J*(S(0)) starting from S(0). Note that the terminal cost function
has to be defined to compute J* (S(O)). To do that, one can choose,
e.g., the instantaneous cost calculated at the terminal stage or the
cost function computed over an infinite time horizon (Bertsekas,
2011, 2012; Forootani, Liuzza, et al., 2019). Moreover, u is the
weighting parameter that can be interpreted as the cost of trans-
mission, e.g. transmission power. This can be easily extended to
the case by considering different weighting parameters u;, for
the ith sensor. More details can be found in Pezzutto, Schenato,
and Dey (2021b), however for single sensor and using traditional
dynamic programming techniques.

Remark 3. The results of this paper can be transferable to the
case where there is a feedback control loop to each of the pro-
cesses, provided the control signals are received without error at
the actuators for each process, that is there is no link error in the
feedback link for the control messages. As proved in Schenato, Si-
nopoli, Franceschetti, Poolla, and Sastry (2007) the estimator and
controller can be designed separately and the resulted controller
can be considered as a linear function of the state estimate given
by the modified time-varying Kalman filter with packet losses.
As a result, an optimal remote Linear Quadratic (LQ) control of
our multi-process multi-sensor system can be implemented by
using the optimal transmission scheduling policies derived by
minimizing a finite/infinite horizon weighted sum of the error
covariance matrices summed over all the processes, along with
linear optimal LQ control signals for individual processes, that
can be fed back without error to the corresponding actuators (see
also Leong, Quevedo, Tanaka, Dey, & Ahlen, 2017).

4.2. Approximation architectures

We use linear feature-based parametric architectures to ap-
proximate cost functions. In particular, in case of stationary
systems, the cost function of a policy J,(S) and the optimal cost
function J*(S) can be approximated respectively as J(S,r) =
oS, and J*(S,r) = ¢(S)'r*. More specifically, ¢(S)} =
[¢1(S), d2(S), ..., dm(S)] is a vector of feature (or basis) functions
evaluated for a given S, while r is a vector of m parameters
to be tuned by training the selected architecture. Training the
architecture means computing a suitable 7* (or 7,) by some
simulation based mechanisms to further approximate J*(S) (or

J=(S)).
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In this paper, for each state S = (51, S,, ..
following feature vector

B(S)" = [1,108,(Tr(S1)). ..., logy (Tr(Sn))]1. (24)

The number of features m is equal to N + 1 and the features
are defined as the logarithm of the trace of the error covariance
matrix S;. The reason of such feature vector definition basically
lies in the nature of the problem since the range of values Tr(P;(k))
can vary widely for independent variables, i.e., in our case we
deal with quantities with different order of magnitude. In order to
make them comparable, we opted for logarithmic basis functions
to scale down the range of independent variables and in addition
to limit the growth rate of the feature functions. This paper does
not address the construction of the feature functions, which is
indeed an important research area, see Bertsekas and Yu (2009),
Busoniu, Ernst, De Schutter, and Babuska (2011). A limited num-
ber of well-crafted feature functions can capture the dominant
non-linearities of cost functions for complex systems, and thus
their linear combination can work well as an approximation
architecture, see Bertsekas (2012), Busoniu et al. (2011).

., Sn), we define the

5. The enhanced exploration Greedy LSTD algorithm and its
convergence properties

This section describes the EG-LSTD algorithm, which stems
from the MG-LSTD algorithm presented in Forootani et al. (2020a),
where its convergence properties were discussed qualitatively
and supported by experimental verification. The EG-LSTD algo-
rithm is employed for computing the cost function approximation
of the MSMP problem over an infinite time horizon, which can
be used for the finite time horizon decision making process, see
Section 6. Unlike the basic LSTD algorithm (Bertsekas, 2012),
the EG-LSTD directly focuses on the approximate optimal cost
function by calculating the vector 7 with the policy improvement
within multi-trajectory Monte Carlo simulations. For more de-
tails, the reader can refer to Bertsekas (2012), Forootani et al.
(2020a). As shown in this section, the EG-LSTD algorithm is an
off-policy method since: (i) it chooses the initial state of each
trajectory by an off-policy mechanism; (ii) it embeds the policy
improvement step within the LSTD iterations. The first aspect
enhances the EG-LSTD exploration capabilities, while the second
one its exploitation means. On the other hand, the conventional
LSTD algorithm is an on-policy method, and its basic drawback
comes from the fact that it learns the state value function of
the fixed policy learnt via single trajectory Monte Carlo simu-
lations (Bertsekas, 2011; Forootani et al., 2020a, 2022), thus it
cannot be used for control problems.

It is worth highlighting that the main differences of the EG-
LSTD and the MG-LSTD are as follows: (i) MG-LSTD is a multi-
trajectory Monte Carlo simulation method where the length of
each trajectory is considered long enough so that the Markov
chain forgets it initial state. However, in EG-LSTD, the length
of each trajectory is 1, (ii) the EG-LSTD is an off policy Monte
Carlo simulation method, whereas the MG-LSTD is categorized
as an on-policy method since the total length of trajectories are
significantly greater than number of initial states. Unlike the MG-
LSTD where the selection of the initial state of each trajectory
does not affect the convergence property, in the EG-LSTD, we
have to provide sufficient conditions to guarantee convergence.
Therefore in this paper we provide a condition for choosing the
initial state of each trajectory in such a way that convergence of
the proposed method can be guaranteed.

Algorithm 1 shows the pseudo code of the EG-LSTD. It com-
putes the approximate parameter vector r* by embedding the
policy improvement step within the LSTD iterations and by using
Monte Carlo simulations. The following initial conditions are set:
C.1=0,d_1 =0, and ry = r, with 7 an initial guess. Moreover,
X is selected as a symmetric positive definite matrix and o is a
positive scalar.
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Algorithm 1 EG-LSTD pseudo code
While [ < #,1€{0,1,...,H}

1. For Vu € u(S(1))

(a) Generate a candidate new state S;(l) from S(I) by
Monte Carlo simulation and by applying to the
system model the admissible control action u and
transition probability Pss (u)

(b) Compute the corresponding features vector q)(SL’,(l))

(c) Compute the cost £(S(1), u)

(d) Calculate the candidate matrix C(u)

G(u) =1 ! )C

) = el
1 T
+ g 0(60) (o(600) - ao(sc0) )

(e) Calculate the vector d;

—_—

1 1
d=01- m)dH + m¢(5(l))7’(5(l))

(f) Having Cf(u) and d,(u), compute the candidate
parameters vector update 7;(u) as follows

X _ -1 _ N

fip1(u) = (Cl(u)TE 1C,(u)+al) (C[(U)TE 1d,+ar1)

2. Choose the pair (f,+1, Sb’,(l)) and the corresponding control
action i* by

u*(S(D) : arg_min <ﬁ(5(l)7 u)+ ¢>(5£,(1))Tﬁ+1(u)>,
uel(s(D)

3.Setl <1+ 1,C_; < G(u),and di_; < d,
4. Generate the new initial state S(I) from S(I — 1) based on P
in (25) (and hence P*).

5.1. Convergence analysis of EG-LSTD

Inspired by the work reported in Bertsekas and Yu (2009),
we discuss hereafter the convergence properties of the EG-LSTD.
Such algorithm chooses the initial state of each trajectory with
the probability distribution & associated to an irreducible state
transition probability matrix

P = —B)P* + BE, (25)

where B is a diagonal matrix with diagonal components s €
(0, 1) and € is another state transition probability matrix. In this
framework, at state S, the next state is generated with probability
1 — Bs according to state transition probabilities Pg;,, and with
probability Bs according to the state transition probabilities &s.
Here pairs (S, S’) with &g > 0 need not correspond to physically
plausible state transitions. Now consider to find the fixed point
of the following projected equation

&r = [IF*(Pr), (26)

where I7 is projection with respect to the norm || - |z correspond-
ing to the steady state distribution £ of . More specifically, we
desire to solve the following least squares minimization problem:
r* = arg min;egm || @1 — F*(@r)|z. The following lemma provides
a condition on the selection of distribution & and diagonal ele-
ments of the matrix B, i.e. §;, to ensure the contraction property
with respect to || - |z.
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Lemma 5.1. Assume that P is irreducible and £ is its unique
invariant distribution (see Assumption 1). Then F* and ITF* are
contraction with respect to || - ||g, provided & < 1, where @ =
a/+/1 — B. The associated modulus of contraction is at most equal
to &, with B = maXscs Ps.

The next lemma gives an estimate of the error in estimating
J* with the fixed point of ITF*.

Lemma 5.2. Consider the fixed point ®r* of IT F*, then we have
the error bound: |J* — @r*||; < 1/v/1—a? |[J* — I1J*|z.

The main concept regarding convergence result is that if the
initial state of each trajectory is chosen slightly differently from
the frequencies natural to the underlying MDP, then we can
guarantee @ < 1, hence convergence can be preserved. In the
following, we discuss the construction of simulation based ap-
proximations to the projected ®r = [TF*(®r). In this regard
let us consider the iterative estimation of the parameter vector
r given by @r1 = I1F*(®r;). By expressing the projection as a
least squares minimization, we see that r;,¢ is given by

FH(@n)|?

N4 = argmin | @r — ||£,
reRM

(27)

or equivalently

Iy = arg rfgug{g Zés (¢(5)TT -

SeS

2
{L(S, w)ta ) P;S,¢(S’)Tr:})

Ses

where Y o o Py = 1, P* is a row stochastic matrix, ¢(S)T and
(ST are features corresponding to states S and S’, respectively.
By setting the gradient of the minimized expression above to 0
we have

-1
My = (Z §s¢(s>¢(sf>

Ses
(Z §s¢(5)lﬁ(5, u)+a Z PS*S/¢(5’)TT1]>-
SeS S'es

Since we do not have the probability distribution & and
Piy we try to calculate them by simulation. The basic simu-
lation methodology consists of generating a sequence of states

{S(O), S(1),.. } according to the distribution £, and a sequence of
state transitions {(5(0),5'(0)) (S(1), S'(1)), .. } with probabili-
ties Pg,. We add that this scenario is different with generating
single trajectory according to the distribution £*. In this sense

we try to estimate the above recursive equation by using the
following relation
—1
o(s(0) )

M1 = (Z o(S
(Z $(S(0)) (C(S(t), ) + a(b(S/(t))Trt)). (28)

The probabilistic mechanism in (28) is subject to the following
conditions:

1. The sequence {S(O), S(1),.. }

distribution & associated to P, which defines projection
norm | - |[¢, in the sense that with probability 1,

is generated based on the

1
lim » 8(S(t)

[—»o00
t=0

=S)/I+1=&, VSes, (29)

where §(-) denotes the indicator function.
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2. The sequence {(S(O), S'(0)), (S(1), S'(1)), .. } is generated
according to stochastic matrix P* with state transition

probabilities P, that is

im Zt 0 8(S(t)=s, S() s')
=00 Zt 0 ( S)

3. The policy improvement is embedded into the LSTD steps:
given a generic initial state S(I) along the current Monte
Carlo trajectory, we generate a set of possible next state
Su(1), one for each admissible action u € ¢/(S(1)). This set
is created from the state transition probabilities Pgs (u1).
The corresponding parameter vector update 7;1(u) is cal-
culated at each candidate next state (note that the same
definitions used in the recursive LSTD are applied). Then,
we choose the control action by minimizing the sampled
approximate cost function shown in Algorithm 1 step (2).

=Pl ¥5,5 €S. (30)

The iteration (28) can be written equivalently as

= (s ols)ots) )

Ses
(Zémb ( cS.u)+a ) Plad( 5/)Tﬂ>>, (31)
Ses S'es
where
Es = w VS € s, (32)
ﬁ,j‘ss,_Zf LG _SS() S), vs,S e s. (33)

Fied(S(0) = 5)

Thanks to Assumption 1, we have Z;‘,s — &, P Pl

us consider again the fixed point mappmg Or* = HJ:*(cDr ), w
can write @7 5 (@r* — aP*®r* — £*) = 0 where Z is the matrlx

having diagonal elements equal to steady-state distribution of .
This condition can be written in matrix form as Cr* = d, where

cC=0"E(1- d=o"Er", (34)

I 55, — Let

aP*)P,

We approximate the matrix C and vector d by:>

! T
G =1/0+ 1) 9(s0) (4(50) —ag(s1)) .
t=0

and
I

di=1/(+ 1)) ¢(S(0)£(S(t), u*),

t=0

the corresponding approximation then is r* = C,‘ld,, with

Y ezo 3(S(0) 55'(”:5/) N T
X sy )

2553 5154’ )( - O‘ZS’ES lss’d’( )>
Dses &5 (S)L(S,

pirical frequencies 51,5 and 751*55, asymptotically converge to the

and finally: G
Similarly we can write: d; = u*). Since the em-

5 We can compute matrix C recursively as noted in Algorithm 1 where the
dependency to the control input is shown.
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probabilities & and Py respectively, we have with probability
1 (Bertsekas, 2011; Nedic & Bertsekas, 2003)

T
G— Y §s¢>(s>(¢(s> —ay P;;/qs(s’))

Ses S'es
=@TE( —aP*)® =C,
and we have

d— > Ep(S)) Pi(S.ut) = #TEL = d.
Ses S'es

In the following we introduce some useful lemmas applicable for
the convergence results of the proposed algorithm.

Lemma 5.3. For any stochastic matrix P* € R?*%, the matrix
E(I — aP*) is positive definite.®

Lemma 5.4. Matrix C is positive definite.
Consider again

g1 = arg min o1 — F(&n)[2. (35)

By setting to O the gradient with respect to r of the above
quadratic expression, we obtain the orthogonality condition

O'E(Pripy — (L* +aP*®1)) =0,
which yields
1 =n—-GYCn—d), G=dTE. (36)

Lemma 5.5. G' = (®T&E®)" exists and it is symmetric positive
definite.

Theorem 5.6. If matrix C is positive definite (but not symmetric in
general) then the following holds: (i) Eigenvalues of C have positive
real parts, (ii) det(G™'C) < 1, (iii) G~'C is positive definite, (iv)
I — G™'C has the eigenvalues strictly within unit circle, hence the
iteration (36) is convergent.

Note that a similar proof can be found in Bertsekas (2011).
However, in our case the approach is different since we consid-
ered the projection with respect to a weighted Euclidean norm
different from the natural frequencies of the MDP. The recursive
equation (36) in the more general form can be written as follows

n=r_1—G (G — dy), (37)

where r, — r* (it is convergent), provided that C; — C, d; — d,
and G, — G with probability 1 and the matrix I — G~IC is
contraction (see Bertsekas, 2011 for a similar iterative equation).
In Theorem 5.6, we have proved matrix C is invertible and pos-
itive definite. However, this property may not hold for C; until a
sufficient number of samples in the Monte Carlo simulation are
acquired for its calculation. To resolve this issue, a regularization
term is introduced. More specifically, in each iteration along the
Monte Carlo trajectory, we compute #; by solving the following
least squares problem

min{(dl - C,r)TE’](dz —Gr)+o | r—" ||2].

r

By setting the objective function gradient to 0, we have

i = (T =] + o) (CT =7 d) + oh), (38)

where the quadratic term o ||r — ;]|? is known as a regularization
term (here, || - || denotes the L,-norm), and has the effect of

6 Ppositive definiteness of a matrix refers to its symmetric part.
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biasing the estimate 7, ; towards the previous parameter vector
estimation 7. We consider the heuristic guess  for the parameter
vector Ty. It is based on some intuition about the problem at hand.
Moreover, the matrix X and the coefficient o are respectively
positive definite and positive (Hoffman, Lazaric, Ghavamzadeh, &
Munos, 2012). To see more discussion on the selection of matrix
X, we refer the reader to Bertsekas (2011), Wang, Polydorides,
and Bertsekas (2009), and for an empirical study, to Forootani
et al. (2020a). The convergence of the iteration (38) follows from
C; — C, d; — d and the following result, the proof of which can
be found in Appendix A.

Lemma 5.7. The recursive iteration fi,q = (C'X7'CT + 01)71
(C"2~'d + o) is convergent.

6. Numerical results

In this section, some numerical examples are presented to
show the effectiveness of the proposed approach for MSMP trans-
mission scheduling problems, both for the exact DP and ADP
cases. A Python based program is developed to implement and
demonstrate the different performance related aspects of the
proposed method. In the reported examples, we limit ourselves
to the case of N = 3 and N = 5 processes. It can be shown
that the state space explosion can occur even with relatively
small values of N and ¢. Indeed, increasing such parameters
causes an exponential growth in the size of the state space. In
the following examples, we assume (for simplicity) that all the
slow fading channel gains and the sensor transmission powers
are identical for all the processes (see Pezzutto et al., 2020 for a
similar assumption).

Let us consider the following MIMO dynamic systems

r1.16 —1 02 0.1
A |01 18 02 o5 . _[1 2 10
=115 02 01 06> '"]Jo 1 0 oOf
| 0.1 07 -03 1
04 0 0 O
0 1 0 O 02 0
Q=9 0 05 o0 ’R‘=[0 03]
L0 0 0 03
r—18 —-02 -0.1 0
4 —|—065 —045 0 03| . _[2 0 0 1
2=| -08 -08 —-03 —-04|°27]0 0 2 0}
| 0.3 02 -03 04
M 0 0 0
0100 2 0
Q=19 0 1 0 ’R2—[o 015]
0 0 0 1
ro.16 —0.177 2.8 1.2
A |08 05 02 16| . _[1t 01 0
37119 025 —-0.15 05|° 37|0 1 0 05|
|06 04 —03 07
M 0 0 0
0100 0.1 0
B=|p o 1 0’R3:[0 02}
0 0 0 1
r—0.16 0.12 02 0.1
A —| 01 03 —02 —06| . _[1 1 10
471 03 02 0.1 05 (> *7]0 1 0 Of
| —1 05 09 1.2
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4 0 0 O
0 1 0 0O 1 0
L=19 0 05 o0 ’R“:[o 0.3]
L0 0 0 02
r—0.1 0.8 02 13
a4 —|02 03 02 07 . o 1 1 0
=104 01 005 O >"|0 1 0 02/
| 06 05 —03 09
6 0 0 O
0 08 0 O 2 0
=19 0 1 o0 ’RS:[O 0.1}
L0 0 0 04

It is straightforward to calculate P; for each dynamic system by
using (10). In the first two examples, due to the computational
load of the DP algorithm, we use a relatively low value for the
discount factor « = 0.7.

Example 1. Consider the systems 1, 2; N = 30; g = 10.

In this example, the maximum number of packet drops is
q = 10, hence the cardinality of the state space is 2 = g°> = 100
(see (18)). We compare the exact DP algorithm results with two
other non-optimal policies, i.e., the myopic policy and the max-
imum covariance policy. The myopic policy and the maximum
covariance policy are defined as follows for the sensor scheduling
problem with N dynamic systems.

Myopic policy: At the kth time slot, we generate random
(h1, hy, ..., hy) as independent exponentially distributed random
variables. We choose the sensor with the maximum h; as the
candidate that is likely to be scheduled. The received SNR for
this sensor is then compared with y. If the SNR exceeds y, the
sensor is scheduled, its packet will be received and the total
error covariance at the receiver will be P + )" fi(Pi(k — 1)),
where the ith sensor had the maximum channel gain. The cost
of transmission will be p since only one sensor is transmitting.
Therefore the total cost for that time slot is

P+ Y fi(Pk— 1)) + p.
J#

If the sensor is not scheduled (even though it had the best channel

gain), the total cost is

N
> F(Pik—1)).
i=1

We then decide whether the sensor with the best channel should
be scheduled or not, depending on whether (39) is less than (40).

Maximum Covariance Policy: It is defined similarly to myopic
policy, however at the kth time slot we schedule the sensor
corresponding to the process that has maximum error covariance
at the remote estimator. Then by using (39) and (40) we evaluate
whether or not it is beneficial to schedule a sensor.

We perform 100 experiments each having the horizon length
of N = 30 corresponding to different values of w. In Fig. 2,
the average discounted total error-covariance vs. the average
discounted total transmissions is shown. As expected, the curve is
monotonically decreasing as more transmissions are allowed on
average (i.e., u is reduced). Fig. 3 shows the comparison among
the exact DP, the myopic policy and the maximum covariance
policy. To make the curves comparable in a single figure, we
have reported the Logarithmic scale with base 10 of the average
discounted total error covariance along the vertical axis. The error
covariance corresponding to the DP is significantly less than its
counterparts in the myopic and the maximum covariance policy
(for the same w). It can be noticed that myopic policy has the
worst performance with respect to the others.

(39)

(40)
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Fig. 2. Exact DP result, average discounted total error-covariance vs. discounted
total number of transmissions in Example 1 corresponding to different values
of u (decreasing from left to right).
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Fig. 3. Comparing the exact DP with myopic policy, and maximum covariance
policy, average error-covariance vs. average discounted total transmissions per
sensor in Example 1 corresponding to different values of u (decreasing from left
to right).

Example 2. Consider the systems 1,2,3; N = 30; g = 8.

In this example, we compare the result of the exact DP algo-
rithm with our EG-LSTD method and the maximum covariance
policy. The maximum number of packet drops is ¢ = 8, hence
the cardinality of the state space is 2 = ¢° = 512 (see (18)).
For the EG-LSTD, we consider an arbitrary initial value r for the
parameter vector, 0 = 0.2, and X = 0.2I (i.e., a diagonal matrix
with 0.2 on its diagonal). We set H = 200. Moreover, §8; = % for
all i and @ = 0.7 to satisfy the condition g; < (1 — «?) required
by Lemma 5.1 to guarantee the convergence. The cost function
approximation J* = &f* of the MSMP problem for different
values of u over an infinite time horizon is computed via the
proposed EG-LSTD algorithm, and then used over the finite time
horizon N. More specifically, we can calculate the (stationary)
EG-LSTD approximate optimal policy @i*(-) by replacing J* as the
terminal cost function in the Bellman optimality operator

[c(s, u+a )y P (u)¢(5’)Tf*:|.

S'es

1*(S) = arg min (41)
u(k)e

As for the exact DP, the expression (23) is recursively em-
ployed in order to compute the optimal policy 7* = {u*(0), ...,
u*(NV—1)}. A total number of 100 experiments over the finite time
horizon N are performed by applying both the exact DP and the
EG-LSTD policies. As we increase the value of the coefficient p,
we give more importance to the transmission (see (23)), therefore
the expected cost increases accordingly. Fig. 4 shows the com-
parison of the average discounted total error-covariance vs. the
average discounted total transmission for the exact DP and the
EG-LSTD. As expected, all the curves are monotonically decreasing
with respect to the discounted total number of transmissions. The
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Fig. 5. Comparing the exact DP with the EG-LSTD and the maximum covariance,
average discounted total error covariance vs. average discounted transmission
per sensor Example 2.

DP policy always exhibits a lower average discounted total error
covariance compared to the EG-LSTD policy. In particular for dif-
ferent values of u, the average discounted total error covariance
is plotted vs. the average discounted transmissions per sensor.
For a fixed value of p, the DP has the lowest average discounted
total error-covariance and average discounted transmissions per
sensor. In Fig. 5, the comparison of the exact DP, the EG-LSTD,
and the maximum covariance is shown. Considering that the
logarithmic values are reported on the vertical axis, the maximum
covariance policy performs significantly worse with respect to the
others.

Example 3. Consider the systems 1,2,3,4,5; /' = 30; q = 10.

The cardinality of the state space is 2 = ¢° = 10°, hence
applying exact DP is not practical. We choose 8; = % for all i
and o = 0.9 to satisfy the condition g; < (1 — «?) required
by Lemma 5.1 to guarantee the convergence. In this example,
we consider different values for the parameter x« and we use the
EG-LSTD to compute the corresponding parameter vector #*. An
arbitrary initial value 7, 0 = 0.1, and X' = 0.2] are set.

For H = 800, they are

1. 7 =1[235.7, 3.3, 3.6, 2.48, 1.9, 2.6] for u =0
2. 7 =1[987.2, 2.94, 3.3, 2.5, 1.9, 3.9] for u =2
3. 7 =[1729.9, 2.8, 3.2, 2.5, 2.3, 3] for u = 4
4. 7' =1[2482, 3, 3, 2.7, 2.1, 2.6]for u =6
5.7 =1[3231, 3.5, 3.2, 2.5, 1.8, 3.4] for & = 8.

Norm-2 of the computed parameter vectors
LSTD algorithm iterations is

during the EG-
shown in Fig. 6 for the selected
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0 100 200 300 400 500 600 700 800
Length of Monte Carlo Simulation

Fig. 6. Evolution of the Norm-2 of the computed parameter vectors within
Monte Carlo simulation for Example 3: u = 0 (blue), © = 2 (violet), u = 4
(red), o = 6 (green), © = 8 (cyan). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this
article.)
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Fig. 7. EG-LSTD result and maximum covariance, average discounted total error
covariance vs. average discounted total transmissions in Example 3.

values of u. We make use of (41) for the computation of the
EG-LSTD approximate optimal policy, which is then employed
over the finite time horizon N. Fig. 7 compares our proposed
ADP method with the greedy maximum covariance policy. The
average discounted total error-covariance vs. the average dis-
counted transmission per sensor for different values of x and 7*
for both methods are shown. As we increase the parameter u, the
expected error covariance increases, while average discounted
transmissions per sensor decreases. It is evident that EG-LSTD
significantly outperforms the maximum covariance policy.

7. Conclusion

A novel Least Squares Temporal Difference (LSTD) Approx-
imate Dynamic Programming (ADP) based algorithm has been
applied to the value function approximation in a Multi-Sensor
Multi-Process (MSMP) transmission scheduling problem. This ap-
proach, named Enhanced-Exploration Greedy LSTD (EG-LSTD),
adopts Monte Carlo simulations to generate state samples by us-
ing probability distributions different from the frequencies natu-
ral to the underlying Markov Decision Process (MDP). The conver-
gence properties of the EG-LSTD algorithm have also been anal-
ysed and proved. Numerical simulations have been performed
to verify the convergence of the EG-LSTD algorithm as well as
its applicability to MSMP transmission scheduling problems of
practical size, illustrating the efficacy of our method compared
with the exact DP (for small number of states) and two different
greedy suboptimal policies (for larger number of states). As for
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the future work we consider the scenarios where the control
signals are present and can suffer from packet losses in the
feedback link.

Appendix A. Proof of Lemma 5.1

V] € R" with J # 0, we have

laP*J |12 = Z&(Za%] )

Ses S'es
2
=’y .§5<Z PS*SJ(S/)>
Ses S'eS
Pss' ,
<o) &) PelS) <’ Y kY o “ﬂ JA(S))
SeS S'es SeS§  Ses
=& ) &) =@z,
S’es Ses S'es

where the first inequality follows from the convexity of the
quadratic function, the second inequality follows from the fact
(1= Bs)Ps < Pss, and the next two last equalities follow from
the property » o s &Psy = &g, of the invariant distribution
and the definition of weighted Euclidean norm. Thus, aP* is a
contraction with respect to || - ||z with modulus at most . The
sufficient range of values for the exploration probabilities in order
for ITF* to be a contraction is fs < 1 —a?, SeS.

Appendix B. Proof of Lemma 5.2

The proof can be easily derived from

* = @2 = IU* — AN + 111" — &1 2
= U = AJ*N; + 1 AFT* — AF (o)
< W* = [FNE + @2 — ort|2

where the first equality uses the orthogonality of the projection,
the second equality holds because J* is the fixed point of F*
and @r* is the fixed point of /T7*, and the inequality uses the
contraction property of ITF*.

Appendix C. Proof of Lemma 5.3

For any vector | € R, ] # 0, it can be written
JTEU—aP* ) =12 =" EPY = WIE - alllgIP) g
> W —alliz Wl = (1 =@Mz > o,
where for the second inequality we used Lemma 5.1, which
implies that (I — «P*) is positive definite.

Appendix D. Proof of Lemma 5.4

For all r € R™, r # 0, we have

laf1P* rlg < llaP*@rlg < la®rllg. (D.1)
From properties of the orthogonal projection /7 we have
[IP* <Pr||€ = |1P* ‘1>r||‘E + ||t — T)P* <Prllé (D.2)
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Moreover, from properties of projections, all vectors of the form
@r are orthogonal to all vectors of the form J — IT], i.e.

rTeTE(I—T)) =0, Vr e R™, V] e RY. (D.3)
Hence we have

r'er=r'o"5(1 — aP*)or

=r"®"Z(I — allP* + (T — I)P*)Pr

=rT®TE(l — aIP*)Pr = ||q>r||§ —arT@TEIP D1
> |@rf — all@rl TP Prllg = |OrII7 — all®rig || TP Pr
> |@r|f —alerl; = (1 -a)er|? > 0,

where the third equality follows from (D.3), the first inequality
follows from the Cauchy Schwartz inequality, and the second
inequality follows from (D.1).

Appendix E. Proof of Lemma 5.5

Obviously ®T & @ is symmetric and it is also positive definite
since, for all r € R™, r # 0, we have r' T Zor = ||<Pr||§ > 0. As

a result, (T E @) exists and it is symmetric positive definite,
too.

Appendix F. Proof of Theorem 5.6
By followmg the same arguments in Lemma 5.3, we can simply

prove that & 3 (I—aP*)E Yisa positive definite matrlx Wthh has
the same eigenvalues of Z(I — aP*). Similarly, & 2(1 —ap* )u

is positive definite, and it has the same eigenvalues of & (I —aP*).
In this regard we can say
E%(zz—a(P*JrP*T))E% >0, (F.1)

a_nd the eigenvalues o_f (F.1) are Tthe sum of the eigenvalues of
E(I — aP*) and of E(I — aP* ), they are real and positive.
The conclusion is that the eigenvalues of @7 Z(I — aP*)d have
positive real parts. From the other side the eigenvalues of ®TZ @
are real, and positive (see Lemma 5.5). From Assumptions 1 and
2, it is

det(G) = det(@T E®) = det(®” @)det(Z)

det(C) = det(@" E(I — aP*)P) = det(®" @ )det(E(I — aP*))

i - _ det(C)
det(G7'C) = det(G")det(C) = 4et(C)
_ det(@"@)det(E(I —aP))  det(Z)det(l — aP*)
- det(@T @ )det(Z) B det(Z)

=det(l —aP*) < 1,

where the eigenvalues of oP* are strictly within the unit circle.
To show the last claim we construct I — G~'C

—GlC=1-(0"E0) (¢TED — adT EP*D)
—1—(2720) (#TED) + (6T E0) (ad” EP*D)
=11+ (2"20)  («d"EP" )
= (0TE®) (adEP*D),

since C > 0, then we have a®’ EP*® < @TE @, hence it is

1-G'C= (0TE0)  (ad"EP*0) < (0TE®)  (@TE0) =1,
(F.2)
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therefore the spectral radius p(I — G™'C) < 1 which implies that
eigenvalues of | — G~IC are strictly within unit circle. From (F.2)
we have | —G™'C <1 — G~IC > 0,i.e.,, G~IC is positive definite.

Appendix G. Proof of Lemma 5.7

Once again consider Eq. (36), one choice is to assume G~!
(CTx-1C 4+ o)~'cT 21 then we have
fu1=f—(CTZ1C+ o) (CTE7 ¢ — T2 1d), (G.1)

by expanding and adding/subtracting of; in the second parenthe-
sis we have

fi1=f—(CT27IC+ o) (CTZ7ICH 4+ 0f) —ofy — CTZ71d)
(1 —(CTZC ol (T + al))ﬁ
+ [Tz C+o)H(CTZ71d+ of)
=Tz IC+ o)y (T Y+ of),

(G.2)

which is the same as (38) except that matrices are not depen-
dent on iteration steps. To prove that recursive iteration (G.2)
is convergent it is enough to show that the eigenvalues of I —
GICc =1—-(C"27'C + o)"'cT2~IC are strictly within unit
circle (see (G.1)). To see this let A1, ..., Ay be the eigenvalues
of CTX~1C and let UAUT be its singular value decomposition,
where A = diag{)1, ..., A} and U is a unitary matrix (UUT = I).
It is (CTE-1C + ol) = U(A + ol)UT, so G-IC = (U(A +

-1
crI)UT) UAUT = U(A + o) AU". The eigenvalues of G~'C
are then ~2- i =

et 1,...,m, and lie in the interval (0, 1) which

implies that the eigenvalues of | — G~'C also lie in the unit circle
and the proof is complete.
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