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In the field of small universal Turing machines, Yurii Rogozhin holds a special prize: he was first to
close off an infinite number of open questions by drawing a closed curve that separates the infinite set
of Turing machines that are universal from a finite set of small machines for which we don’t yet know.
Rogozhin did this by finding the smallest known universal Turing machines at the time, both in terms
of number of states and number of symbols. This brief note summarises this and a few of Yurii’s other
contributions to the field, including his work with Manfred Kudlek on small circular Post machines.

1. Introduction

The topic of small universal Turing machines is concerned with putting upper and lower bounds on the
program size of universal Turing machines [28,41]. In other words, finding the shortest programs that are
capable of universal computation and showing that below this threshold such complicated behaviour is
impossible. More generally, the computational complexity of small programs includes investigating the
time, space and encoding complexity costs we pay by having tiny general-purpose programs. Simulation
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of small universal Turing machines, or other simple universal models such as Post’s tag systems [32]
and the cellular automaton Rule 110 [5], is by now a standard way to prove that a large number of
other models of computation, including a variety of physically-inspired systems, are computationally
universal.

Historically much of the research into small universal Turing machines is concerned with the deter-
ministic one-dimensional single-tape model with the usual notion of blank symbol. We often refer to this
as the standard model. The size of a program is defined as the number of its states and symbols, written
as a (state, symbol) pair. Their product gives an upper bound on the number of instructions in the Turing
machine program.

In 1956 Shannon [43] considered the question of finding the smallest possible universal Turing ma-
chine. In the early Sixties, Minsky and Watanabe had a running competition to see who could find the
smallest universal Turing machine [22, 23, 24, 44, 45]. In 1962, Minsky [23] found a small 7-state,
4-symbol, or (7,4), universal machine. Minsky’s machine worked by simulating 2-tag systems, which
were shown to be universal by Cocke and Minsky [4, 23].

The halting problem has been shown to be decidable for all standard Turing machines with the
following state-symbol pairs: (2, 2) by Pavlotskaya [30] and later also by Kudlek [10], (3, 2) by Pavlot-
skaya [31], (2,3) by Pavlotskaya (unpublished), (1,n) by Hermann [9] and (n, 1) (trivial) for n > 1.
Thus there are no standard universal machines of this size that have the property of halting if and only if
the simulated Turing machine halts. These results are plotted as the non-universal' curve in Figure 1.

2. Rogozhin’s work on small universal Turing machines

As noted above, the size of a Turing machine program is upper bounded by the product of the number
of states and the number of symbols. Rogozhin decided to minimise program size over both of these
parameters. Over a sequence of papers [13, 36, 37, 38, 39, 40, 41, 42], describing work that began
during his PhD, he gave a significant number of small universal Turing machines. Rogozhin’s small
machines used Minsky’s technique of simulation of 2-tag systems. These results are shown as black
disks in Figure 1.

Taken together with the negative results plotted as the non-universal curve on Figure 1, Rogozhin’s
work left a finite set of (state, symbol) pairs for which it is an open question whether there exists a
universal program. By closing off a finite region of the infinite states-symbol quadrant in Figure 1,
Rogozhin gave a clear way to frame questions in the field. Thinking about Rogozhin’s universality
curve (Figure 1), and what interesting beasts lie under it, has strongly influenced much of the work that
followed.

Over the years quite a bit of effort has been put into trying to improve upon Rogozhin’s universal
program-size results. His small universal machines were improved upon by Robinson [35], Kudlek and
Rogozhin [13], Baiocchi [3], and Neary and Woods [26]. These results are plotted in Figure 1 as triangles
and a hollow circle.

Rogozhin’s universal Turing machine with 7 states and 4 symbols used only 26 instructions, which
improved on Minsky’s (7,4) that used 27. Also, it is quite impressive that another of Rogozhin’s ma-
chines, his (4,6), uses only 22 instructions, and although this number has been since matched by one

't is worth noting that this is one very concrete way in which these machines are not universal, of course this may not hold for
other definitions besides the standard model.
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Figure 1. State-symbol plot of the smallest known universal Turing machines for the standard model. All of Yurii
Rogozhin’s published machines are shown as black disks, and Rogozhin and Kudlek’s as hollow circles. Rogozhin
was the first to minimise universal program size in terms of both states and symbols, and the first to close off a
finite portion of the states-symbols quadrant leaving a finite number of open questions. A number of other small
machines have been published; the smallest machines for the standard model are shown as triangles. Machines for
other Turing machine models besides the standard model are omitted and can be found in [28]. The non-universal
curve shows Turing machines that are known to have a decidable halting problem.

other machine —the (5, 5) machine in [26]—in terms of number of instructions no smaller machine has
been found since Rogozhin’s. His skill> can not be understated, and to this day Yurii Rogozhin holds an
impressive number of records!

3. After Rogozhin’s results: small universal Turing machines

Since Rogozhin’s results there have been a number of interesting developments in the field, many of
which were at least in part inspired by his work. It is worth putting these developments in context.

We have already noted that a number of authors worked to improve upon Rogozhin’s results in the
standard model, indeed there are 39 state-symbols pairs for which we still don’t know whether there are

2Yurii commented to the authors that his work on writing small universal Turing machine programs was good practice ahead of
writing, and proving correct, concise programs that were sent into orbit as part of his work with the Soviet space program.
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universal Turing machines for the standard model. Another direction involves peering into the gaping
hole between the universal and non-universal curves in Figure 1. Two kinds of lens have been used:
generalising the standard model to find smaller universal programs, and finding small machines that
have seemingly-complicated behaviour.

Some authors generalised the standard model by allowing more complicated, although arguably rea-
sonable and well-motivated, initial configurations and data encodings. For example, in the 1960’s Watan-
abe [45, 46] gave (5,4) and (7,3) machines that had an infinitely repeated constant word on one side
of the input. Much later, Woods and Neary [48] gave universal (2,13), (3,7) and (4, 5) machines for
the same model. Generalising the model in this way allowed for smaller universal machines than those
standard machines of Rogozhin and others. Indeed, Cook [5] gave even smaller universal machines for
a more general model that allows the initial configuration to have the (variable) input along with an in-
finitely repeated constant word to the left, and another to the right. These machines, later improved by
Neary and Woods [27] to (2,4), (3,3), and (6, 2), simulate iterations of the simple cellular automaton
Rule 110 [5]. So, as one generalises the model definition, smaller and smaller machines can be found.
However, it is worth pointing out that all of the machines discussed here have a P-complete prediction
problem [8, 25,47]: in this complexity-theoretic time-bounded sense there is little difference in standard,
semi-weakly and weakly universal machines.

Margenstern [17, 18] found another interesting way to explore this space of open questions below
the universal curve in Figure 1. He constructed machines with state-symbol pairs of (11,2), (5,3),
(4,4), (3,6) and (2, 10) that simulate iterations of the Collatz function.> Baiocchi [2] reduced the size
of some of these Collatz simulators to give Turing machines with state-symbol pairs of (10, 2), (5, 3),
(4,4), (3,5) and (2, 8), and Michel [29] further improved two of these results to give a (3,4) machine
(as well as some larger Collatz simulators that always halt after looping). This suggests that proving
decidability of nontrivial statements about the long-term dynamics of these machines could be at least
as hard as resolving the Collatz problem. More concretely, for the class of machines with program
size equal (or greater than) these machines the following problem is at least as difficult as resolving the
Collatz conjecture: give an algorithm that takes as input one of these machines, an initial configuration
and a target configuration, and decides whether or not the machine reaches the target from the initial
configuration.

Furthermore, Michel [19, 20, 21] showed that there are Turing machines that simulate iterations of
Collatz-like functions with state-symbol pairs of (2,4), (3, 3), and (5, 2). Kudlek [10] has given a (4, 4)
machine that accepts a context-sensitive language.

So, even if one cares only about universality results for the standard model,* the existence of the
beasts described in this section suggests that proving negative results on these machine classes for the
standard model will indeed be rather challenging.

Rogozhin’s proved his machines universal via an efficient (polynomial time) simulation of 2-tag sys-
tems. Unfortunately, Cocke and Minsky’s [4] simulation of Turing machines with 2-tag system was
exponentially slow and so the machines of Rogozhin and others also suffered from an exponential slow-
down. Recent work shows that tag systems, Rogozhin’s machines, and all other known small universal
Turing machines, are efficient polynomial time simulators of Turing machines [25, 47]. It remains to be

3The Collatz function is: f(z) = 3z + 1 if = odd, or f(z) = x/2 if x even. The following question is open, and many
conjecture that the answer is “yes”. Start from any = € N, apply the Collatz function, and iterate: do we eventually get a loop
on the set {4,2,1}?

*On one occasion, Yurii made it clear that his preference lay with the standard Turing machine model!
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seen what kind of simulation time trade-offs, if any, can be shown for Rogozhin’s or other small universal
Turing machines. See the survey [28] for discussions of these and other results relevant to the field.

4. Rogozhin and Kudlek’s work on circular Post machines

Kudlek and Rogozhin [12] introduced a new model which they called a circular Post machine. While the
name assigned to this model would seem to associate it with Post machines [33], it would have been just
as appropriate to name it a circular Turing machine. In fact, this model could be described as a Turing
machine with a single circular tape whose tape head moves in one direction only and has the ability to
insert or remove tape cells.’

Taking a similar approach to that of Rogozhin for small universal Turing machines, Kudlek and
Rogozhin [12] immediately established a universal curve by giving universal circular Post machines for
the (state, symbol) pairs (7,7), (8,6), (11,5), and (13,4). Later, Kudlek and Rogozhin [11] improved
and extended these results to give universal circular Post machines of size (4,18), (5,11), (6,8), (9,5),
(12,4) and (18, 3). Alhazov [1] joined them to further improve and extend these results giving universal
machines for the pairs (2,46), (3,22), (4,11), (5,8), (6,6), (8,5), (11,4), (16,3) and (34,2). Like
many of the smallest known universal Turing machines, all of the above circular Post machines simulate
2-tag systems efficiently and so following the result in [47] all of the above circular Post machines
simulate Turing machine with merely a polynomial time simulation slowdown.

Kudlek and Rogozhin [11] complemented their positive universality results by showing that there
exist no universal machines for all pairs (1,m) and (m, 1), for all m > 1. They [12] also explored
the class of machines between their above mentioned upper and lower bounds on universal program
size by encoding open problems in very small machines. They gave a (6, 2) circular Post machine that
implements Post’s tag system (i.e., a 3-tag system with the rules 0 — 00,1 — 1101) from 1921 [34].
It follows that the reachability problem (i.e. is one specified configuration reachable from another?)
for (6,2) circular post machines is at least as difficult as the halting problem for Post’s tag system,
which remains open to this day [7]. In addition, they gave a (5,3) machine that simulates iterations of
the Collatz function [14, 15, 16]. This suggests that proving the halting problem decidable for (5, 3)
machines could be at least as hard as resolving the Collatz problem.

References
[1] Artiom Alhazov, Manfred Kudlek, and Yurii Rogozhin, Nine universal circular Post machines, Computer
Science Journal of Moldova 10 (2002), no. 3, 247-262.

[2] Claudio Baiocchi, 3n+1, UTM e tag-system, Tech. Report Pubblicazione 98/38, Dipartimento di Matematico,
Universita di Roma, 1998, (In Italian).

(3]

, Three small universal Turing machines, Machines, Computations, and Universality (MCU)
(Chisindu, Moldova) (Maurice Margenstern and Yurii Rogozhin, eds.), LNCS, vol. 2055, Springer, May
2001, pp. 1-10.

[4] John Cocke and Marvin Minsky, Universality of tag systems with P = 2, Journal of the Association for
Computing Machinery (ACM) 11 (1964), no. 1, 15-20.

>The main feature that differentiates Post machines from Turing machines is that Post machines can either move or write a
symbol to the tape in a single step whereas a Turing machine can do both.



6 D. Woods and T. Neary / Yurii Rogozhin’s Contributions to the Field of Small Universal Turing Machines

[5] Matthew Cook, Universality in elementary cellular automata, Complex Systems 15 (2004), no. 1, 1-40.

[6] Martin Davis, The undecidable: basic papers on undecidable propositions, unsolvable problems and com-
putable functions, Raven Press, New York, 1965.

[7] Liesbeth De Mol, On the complex behavior of simple tag systems - an experimental approach, Theoretical
Computer Science 412 (2011),no. 1-2,97-112.

[8] Raymond Greenlaw, H. James Hoover, and Walter L. Ruzzo, Limits to parallel computation: P-completeness
theory, Oxford University Press, Oxford, 1995.

[9] Gabor T Hermann, The uniform halting problem for generalized one state Turing machines, Proceedings,
Ninth Annual Symposium on Switching and Automata Theory (FOCS) (Schenectady, New York), IEEE
Computer Society Press, October 1968, pp. 368-372.

[10] Manfred Kudlek, Small deterministic Turing machines, Theoretical Computer Science 168 (1996), no. 2,
241-255.

[11] Manfred Kudlek and Yurii Rogozhin, New small universal circular Post machines, Fundamentals of Com-
putation Theory (FCT) (Riga, Latvia) (Rusins Freivalds, ed.), LNCS, vol. 2138, Springer, August 2001,
pp- 217-227.

, Small universal circular Post machines, Computer Science Journal of Moldova 9 (2001), no. 1,

34-52.

, A universal Turing machine with 3 states and 9 symbols, Developments in Language Theory (DLT)
2001 (Vienna) (Werner Kuich, Grzegorz Rozenberg, and Arto Salomaa, eds.), LNCS, vol. 2295, Springer,
May 2002, pp. 311-318.

[14] Jeffrey C Lagarias, The 3x + 1 problem and its generalizations, American Mathematical Monthly (1985),
3-23.

[15] , The 3x 4+ 1 problem: An annotated bibliography (1963—1999), Tech. Report arXiv:math/0309224

[math.NT], 2003.

, The 3z + 1 problem: An annotated bibliography, II (2000-2009), Tech. Report arXiv:math/0608208
[math.NT], 2006.

[16]

[17] Maurice Margenstern, Frontier between decidability and undecidability: a survey, Machines, Computations,
and Universality (MCU) volume 1 (France) (Maurice Margenstern, ed.), I[UT, Metz, May 1998, pp. 141-177.

[18] , Frontier between decidability and undecidability: a survey, Theoretical Computer Science 231

(2000), no. 2,217-251.

[19] Pascal Michel, Busy beaver competition and Collatz-like problems, Archive Mathematical Logic 32 (1993),
no. 5,351-367.

[20] ,Small Turing machines and the generalized busy beaver competition, Theoretical Computer Science

326 (2004),45-56.

[21] Pascal Michel and Maurice Margenstern, Generalized 3z + 1 functions and the theory of computation, The
Ultimate Challenge: The 3x + 1 Problem (Jeffrey C. Lagarias, ed.), American Mathematical Society, 2010,
pp. 105-130.

[22] Marvin Minsky, A 6-symbol 7-state universal Turing machines, Tech. Report 54-G-027, Licoln Laboratory,
MIT, Cambridge, Massachusetts, August 1960.

, Size and structure of universal Turing machines using tag systems, Recursive Function Theory,
Proceedings, Symposium in Pure Mathematics (Provelence), vol. 5, American Mathematical Society, 1962,
pp- 229-238.




[26]
[27]

[31]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

D. Woods and T. Neary / Yurii Rogozhin’s Contributions to the Field of Small Universal Turing Machines 7

, Universality of (p=2) tag systems and a 4 symbol 7 state universal Turing machine, 1962, AIM-33,
A.I. memo 33, Computer Science and Artificial Intelligence Laboratory, MIT, Cambridge, Massachusetts.

Turlough Neary and Damien Woods, P-completeness of cellular automaton Rule 110, International Col-
loquium on Automata Languages and Programing 2006, (ICALP) Part I (Venice) (Michele Bugliesi, Bart
Preneel, Vladimiro Sassone, and Ingo Wegener, eds.), LNCS, vol. 4051, Springer, July 2006, pp. 132-143.

, Four small universal Turing machines, Fundamenta Informaticae 91 (2009),no. 1, 123-144.

, Small weakly universal Turing machines, Fundamentals of Computation Theory (FCT), 17th In-
ternational Symposium (Wroctaw, Poland) (Witold Charatonik and Maciej Gebala, eds.), LNCS, vol. 5699,
Springer, September 2009, pp. 262-273.

Turlough Neary and Damien Woods, The complexity of small universal Turing machines: a survey, SOFSEM
2012: Theory and Practice of Computer Science, LNCS, vol. 7147, Springer, 2012, pp. 385-405.

Turlough Neary and Damien Woods, Simulation of the collatz 3x+1 function by turing machines, Tech.
Report arXiv:1409.7322v1 [math.LO], September 2014.

Liudmila Pavlotskaya, Solvability of the halting problem for certain classes of Turing machines, Mathemati-
cal Notes (Springer) 13 (1973), no. 6, 537-541, (Translated from Matematicheskie Zametki, Vol. 13, No. 6,
pages 899-909, June, 1973.).

, Dostatochnye uslovija razreshimosti problemy ostanovki dlja mashin T juring, Problemi Kibernetiki
27 (1978), 91-118, (Sufficient conditions for the halting problem decidability of Turing machines. In Rus-
sian).

Emil Post, Formal reductions of the general combinatorial decision problem, American Journal of Mathmat-
ics 65 (1943),n0. 2, 197-215.

, Recursive unsolvability of a problem of Thue, The Journal of Symbolic Logic 12 (1947), no. 1,
1-11, (Also to be found in [6] pages 293-303).

, Absolutely unsolvable problems and relatively undecidable propositions - account of an antici-
pation, The undecidable: basic papers on undecidable propositions, unsolvable problems and computable
functions (Martin Davis, ed.), Raven Press, New York, 1965, pp. 340—406.

Raphael Robinson, Minsky’s small universal Turing machine, International Journal of Mathematics 2 (1991),
no.5,551-562.

Yurii Rogozhin, Sem’ universal’nykh mashin T juringa, Fifth all union conference on Mathematical Logic,
Akad. Naul SSSR. Otdel. Inst. Mat., Novosibirsk, 1979, (Seven universal Turing machines. In Russian),
p-27.

, Sem’ universal’nykh mashin T juringa, Systems and theoretical programming, Matematicheskie
Issledovanija 69 (1982), 76-90, (Seven universal Turing machines. In Russian).

, Universal’naja mashina T juringa s 10 sostojanijami i 3 simvolami, Izvestiya Akademii Nauk Re-
spubliki Moldova, Matematika 4 (1992), no. 10, 80-82, (A universal Turing machine with 10 states and 3
symbols. In Russian).

, About Shannon’s problem for Turing machines, Computer Science Journal of Moldova 1 (1993),
no. 3, 108-111.

, On the notion of universality and Shannon’s problem for Turing machines, International Workshop
on Universal Machines and Computations (UMC, renamed to MCU) (Paris), March 1995, pp. 36-39.

, Small universal Turing machines, Theoretical Computer Science 168 (1996), no. 2, 215-240.




[44]
[45]

[46]

[47]

[48]

D. Woods and T. Neary / Yurii Rogozhin’s Contributions to the Field of Small Universal Turing Machines

, A universal Turing machine with 22 states and 2 symbols, Romanian Journal of Information Science
and Technology 1 (1998), no. 3,259-265, (In Russian).

Claude Elwood Shannon, A universal Turing machine with two internal states, Automata Studies, Annals of
Mathematics Studies 34 (1956), 157-165.

Shigeru Watanabe, On a minimal universal Turing machine, Tech. report, MCB Report, Tokyo, August 1960.

, 5-symbol 8-state and 5-symbol 6-state universal Turing machines, Journal of the Association for
Computing Machinery (ACM) 8 (1961),no. 4, 476-483.

, Four-symbol five-state universal Turing machine, Information Processing Society of Japan Maga-
zine 13 (1972),n0. 9, 588-592, (In Japanese).

Damien Woods and Turlough Neary, On the time complexity of 2-tag systems and small universal Turing ma-
chines.,47" Annual IEEE Symposium on Foundations of Computer Science (FOCS) (Berkeley, California),
IEEE, October 2006, pp. 439-448.

Damien Woods and Turlough Neary, Small semi-weakly universal Turing machines, Fundamenta Informati-
cae 91 (2009),no. 1, 179-195.



