PHYSICAL REVIEW D 87, 104017 (2013)

Thermodynamic volumes and isoperimetric inequalities for de Sitter black holes

Brian P. Dolan™

Department of Mathematical Physics, National University of Ireland, Maynooth, Ireland
and Dublin Institute for Advanced Studies, 10 Burlington Road, Dublin, Ireland

David Kastor"
Department of Physics, University of Massachusetts, Amherst, Massachusetts 01003, USA

David Kubiziidk*
Perimeter Institute, 31 Caroline Street North, Waterloo, Ontario N2L 2Y5, Canada

Robert B. Mann®

Department of Physics and Astronomy, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada
and Perimeter Institute, 31 Caroline Street North, Waterloo, Ontario N2L 2Y5, Canada

Jennie Traschen'

Department of Physics, University of Massachusetts, Amherst, Massachusetts 01003, USA
(Received 31 January 2013; published 15 May 2013)

We consider the thermodynamics of rotating and charged asymptotically de Sitter (dS) black holes.
Using Hamiltonian perturbation-theory techniques, we derive three different first-law relations including
variations in the cosmological constant, and associated Smarr formulas that are satisfied by such
spacetimes. Each first law introduces a different thermodynamic volume conjugate to the cosmological
constant. We examine the relation between these thermodynamic volumes and associated geometric
volumes in a number of examples, including Kerr-dS black holes in all dimensions and Kerr-Newman-dS
black holes in D = 4. We also show that the Chong-Cvetic-Lu-Pope solution of D =5 minimal
supergravity—analytically continued to positive cosmological constant—describes black hole solutions
of the Einstein-Chern-Simons theory and include such charged asymptotically de Sitter black holes in our
analysis. In all these examples we find that the particular thermodynamic volume associated with the
region between the black hole and cosmological horizons is equal to the naive geometric volume.
Isoperimetric inequalities, which hold in the examples considered, are formulated for the different
thermodynamic volumes and conjectured to remain valid for all asymptotically de Sitter black holes.
In particular, in all examples considered, we find that for a fixed volume of the observable universe, the

entropy is increased by adding black holes. We conjecture that this is true in general.
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L. INTRODUCTION

That black holes have a temperature proportional to their
surface gravity and obey a version of the first law of
thermodynamics is a notion that has been of continued
interest for over three decades. Studies of black holes
that are asymptotically flat or anti—de Sitter (AdS) have
been carried out in considerable detail, with many corrobo-
rative results indicating that such objects indeed behave as
thermodynamic systems. Thermodynamic equilibrium is
straightforward to define, and (depending on the kind of
black hole and its asymptotics) a variety of interesting
phenomena emerges, such as large/small AdS black hole
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phase transitions [1]. An interesting new development in
the study of black hole thermodynamics was the proposal
that the mass of an AdS black hole should be interpreted as
the enthalpy of the spacetime. This notion emerges from
geometric derivations of the Smarr formula for AdS black
holes which suggest that the cosmological constant should
be considered as a thermodynamic variable analogous to
pressure in the first law [2—17]. Further, this notion led to a
reverse isoperimetric inequality conjecture [8] for AdS
black holes, which says that for a fixed thermodynamic
volume, the entropy of an AdS black hole is maximized for
Schwarzschild AdS. Since black holes in a spacetime with
positive A are of interest in cosmology, in this paper we
study these issues for de Sitter black holes.

Studies of asymptotically de Sitter (dS) black holes are
somewhat more sparse, and need to confront two interest-
ing and related issues. It is fundamental to the first law for
asymptotically flat black holes that there is a Killing field
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which is timelike everywhere outside the black hole and
hence can be used to define the mass. Adding a multiple of
the rotation Killing field to this timelike Killing field gives
the generator of the horizon, and the Killing generator
defines the temperature. The same is true with a negative
cosmological constant. However, in de Sitter there is no
Killing field that is timelike everywhere outside the black
hole, including infinity. Although generalizations of the
first law in de Sitter were considered quite some time
ago [18], a further key issue is that an observer in any
static patch of the spacetime is between two horizons, each
with its own distinct constant surface gravity. It is conse-
quently unclear how to understand the thermodynamics of
such spacetimes, since there is neither thermodynamic
equilibrium nor an asymptotic region where a conserved
mass-energy can be defined.' Various approaches have
been taken toward addressing this problem, yielding mixed
results.

In this paper we consider the thermodynamics of de
Sitter black holes, focusing on the cosmological constant
as a thermodynamic variable together with its conjugate
potential. To highlight the correspondence with classical
thermodynamics we also work with the pressure P related
to the cosmological constant A according to

P = A 1.1
87’ (1.1
as it would be in a perfect fluid stress-energy. The potential
conjugate to P is a volume V, which we will call the
thermodynamic volume, as in Refs. [4,8].

It was found in Ref. [3] that the thermodynamic volume
of a Schwarzschild-AdS black hole is equal to the geomet-
ric volume V' of the black hole interior, computed using
the full D-dimensional volume element on a f-equals-
constant slice. The relation between thermodynamic and
geometric volumes was studied in Ref. [8] for a variety of
charged and rotating AdS black holes. Equality between
the two volumes was found to hold only in the static case
(including charge), while with rotation the volumes differ
by a simple correction term. It was also conjectured in
Ref. [8] and verified for a variety of black hole spacetimes
that the thermodynamic volume satisfies an inequality with
respect to the black hole horizon area that is precisely the
reverse of the isoperimetric inequality of Euclidean space.

In this paper we will carry out a similar exploratory
study of thermodynamic and geometric volumes for
asymptotically de Sitter black holes. An important new
feature in this case is the need to distinguish between
several different thermodynamic volumes. The geometric
derivation of the first law and Smarr formula for AdS black
holes [3] takes place on a timelike hypersurface stretching

'Some consideration has been given to defining a mass-en-
ergy-like quantity at future/past infinity in asymptotically dS
spacetimes [19-21]. The positivity of a conformal mass defined
in this context was shown in Ref. [22].

PHYSICAL REVIEW D 87, 104017 (2013)

outward from the black hole horizon to spatial infinity. For
dS black holes, we will see that additional relations are
obtained by alternatively considering the region stretching
outwards to infinity from the black hole and cosmological
horizons, or the region between the black hole and cosmo-
logical horizons. Each of these introduces a different ther-
modynamic volume. We denote the thermodynamic
volumes associated in this way with the black hole and
cosmological horizons by V), and V., while reserving V for
that associated with the region between the two horizons.?
The different thermodynamic volumes may be thought of
as arising from different thermodynamic ensembles, e.g.,
V,, arises from varying the cosmological constant with the
black hole horizon area held fixed, while V., is relevant if
instead the cosmological horizon area is fixed.

Turning to specific examples, for Kerr-de Sitter black
holes we find that V}, and V. are equal to their geometric
counterparts V, and V. only for static spacetimes, each
differing by a simple expression when the black hole has
angular momentum. These relations are the same as in AdS
[8]. However, for the region between the two horizons the
rotation-dependent differences cancel, so that V =V’
holds in the rotating case as well. In line with this result,
we find that the thermodynamic volumes V), and V.. satisfy
reverse isoperimetric inequalities, while V satisfies a true
isoperimetric inequality. These inequalities may be inter-
preted as bounds on combinations of the black hole and
cosmological entropies at a fixed thermodynamic volume.
In particular, in all examples considered, we find that for a
fixed volume of the observable universe, the entropy is
increased by adding black holes. We conjecture that this is
true in general.

Our results for charged rotating black holes are less
general. In four dimensions, one has the Kerr-Newman-
de Sitter spacetimes and in this case we find results that
simply extend those of the zero-charge case. In five dimen-
sions we consider charged, rotating black holes of D = 5
Einstein-Chern-Simons theory with a positive cosmologi-
cal constant.> We find that an exact solution for such black
holes can be obtained from the gauged supergravity solu-
tion of Chong, Cvetic, Lu, and Pope [30] by analytically
continuing the gauge coupling to obtain positive values of
the cosmological constant. We compute the thermody-
namic volumes V,, V., and V for these spacetimes and
verify that V coincides with the geometric volume. While
we are able to analytically verify the isoperimetric inequal-
ity for a singly rotating Chong-Cvetic-Lu-Pope black hole,

2Similar results have been obtained by Cai [23,24] and by
Sekiwa [25] in more limited contexts (see also Refs. [26,27]).
A study of the thermodynamics of asymptotically flat and
AdS rotating black holes that included both inner and outer
horizons—which has elements in common with our approach—
was recently carried out [28].

*For a discussion of higher-dimensional charged rotating
(A)dS black holes constructed numerically see, e.g., [29].
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because of the complexity of the expressions we have not
been able to analytically complete the study of isoperimet-
ric inequalities for the most general case. We have, how-
ever, strong indications from numerical analysis that such
inequalities remain satisfied.

The outline of our paper is as follows. In the next section
the three first laws and the corresponding Smarr formulas
are derived using the Hamiltonian perturbation techniques.
The thermodynamics of the Kerr-deSitter black holes in all
dimensions is discussed in Sec. III, while the isoperimetric
inequalities involving the corresponding thermodynamic
volumes are discussed in Sec. IV. The charged de Sitter
black holes and their thermodynamics and isoperimetric
inequalities are studied in Sec. V. Section VI displays
results on the compressibility and speed of sound for black
hole horizons. Section VII is devoted to the summary. The
Appendix discusses the Nariai limit and the corresponding
thermodynamic volume in between the horizons.

II. FIRST LAW AND SMARR FORMULA

In this section we apply the Hamiltonian formalism of
general relativity [31-33] to derive the first law relations
for rotating dS black holes including variations in the
cosmological constant. As noted above, we will actually
find three different first-law relations associated with dif-
ferent choices for the hypersurface and the Killing vector
which enter the derivation. Two of these relations are
linearly independent. Each version of the first law leads
to an associated Smarr relation via an overall scaling.

A. Gauss’ law for perturbations with 6 A

The essence of this Hamiltonian perturbation-theory
method is as follows. In Einstein gravity with a cosmo-
logical constant, suppose one has a black hole solution
with a Killing field. Now consider solutions that are per-
turbatively close to this background solution, but are not
required to have the original Killing symmetry. The line-
arized Einstein constraint equations on a hypersurface can
be expressed in the form of a Gauss’ law (see Ref. [31]),
relating a boundary integral at infinity to a boundary in-
tegral at the horizon. The physical meaning of this
Gauss’-law relation depends on the choice of Killing field,
as well as on the choice of hypersurface. Taking the
generator [* of a Killing horizon, together with an appro-
priate choice of a spacelike hypersurface, yields the usual
first law for the variation of the mass [32] for asymptoti-
cally flat or AdS black hole spacetimes.

Assume we have a foliation of a spacetime by a family of
hypersurfaces denoted by 2, and the unit timelike normal to
the hypersurfaces n?, n-n = —1. The spacetime metric
can then be written as

8ab = Sab — Mgy (21)

where s, is the metric on the hypersurfaces 2 and satisfies
s,”n, = 0. As usual, the dynamical variables in the

PHYSICAL REVIEW D 87, 104017 (2013)

Hamiltonian formalism are the metric s,;, and its canoni-
cally conjugate momentum 7% = — /s(K — Ks4).
Here K, = s5,°V.n, is the extrinsic curvature of a hyper-
surface 2, and K stands for its trace, K = K¢,. (Similarly,
later we define 7 = 7, and h = h“,.) We consider
Hamiltonian evolution along the vector field £, which
can be decomposed into its components normal and tan-
gential to 3 according to

&= Fn + o, (2.2)

with F = —¢ - n denoting the lapse function and B¢ the
shift. The gravitational Hamiltonian that evolves the sys-
tem along &¢ is then given by H = FH + B°H, with

1 2
H= —2Gnn* = —RP~D + —(—W - 77“”77'(,,?),

|s|I\D — 2

Hy, = —2G,.n"s§ = —2D,(Is| 774?). (2.3)
Here R®°~1) is the scalar curvature for the metric s, and
D, is the derivative operator on the hypersurface 3. With a
cosmological constant stress-energy 877T; = —Agj, the
constraint equations become

H=-2A, H,=0. 2.4)

Let g,, be a solution to the Einstein equation with a
cosmological constant, and assume that &£ is a Killing
vector of g,,. Now let the metric g,, = g,, + 68,4, be
the linear approximation to another solution to the Einstein
equations with cosmological constant A + 8 A. Denote the
Hamiltonian data for the background metric by s,,, 7
the corresponding perturbations to the data by h,, = ds,;
and p"b = 87", and the linearized Hamiltonian and mo-
mentum constraints by 6H and 6H,,.

It was shown in Refs. [31-33] that a particular linear
combination of the perturbed constraints can be written as
a total derivative, F6H + B*6H, = D, B, where the vec-
tor B is given by

B[£] = F(D°h — D,h®*) — hD“F + h**D,F

1
+ ﬁﬁ”(ﬂc‘lhcds“b —2m7%hy, — 2p“,). (2.5)
s

On the other hand, since h,,, p® solve the linearized
constraint equations with the cosmological constant per-
turbed by 6 A we also have F6H + B*6H, = 26 A&%n, =
—28AF and therefore

D,B* = —2F8A. (2.6)

This has the form of a Gauss’-law relation with a source
proportional to FSA. In Refs. [3,34] it was shown that
since £“ is a Killing vector, this source may also be written
as a total derivative. We define the Killing potential w®®
associated with £ to be an antisymmetric tensor satisfying

V.0 = &b, Q2.7
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The lapse function can now be written as F =
—D_.(w°n,,) and the relation (2.6) becomes

D,(B* —25Aw*n,) = 0. (2.8)
Let V be a volume contained in 3, which has inner and

outer boundaries 8\71nyom. Integrating the differential rela-
tion (2.8) over V gives

/  darJBE] - 25A 0P n,)
avoul

='/‘A dar.(B[€] — 26 Aw<ny). (2.9)
Vi

Here we have let r, denote the unit normal on each
boundary, with the convention that ¢ points into V on
the inner boundary and out of V on the outer boundary,
i.e., “towards infinity”’ on both boundaries. In the follow-
ing we will consider different cases, in which these
boundaries may be taken to be at the black hole horizon,
the de Sitter horizon, and at infinity.

The different boundary integrals have important geo-
metrical meanings. For an asymptotically flat or AdS black
hole the variation in the Arnowitt-Deser-Misner (ADM)
mass and angular momentum are given by the boundary
integrals at infinity using the time translation (9/9¢)% and
rotation (3/9¢)“ Killing vectors, respectively. Also, the
integral of the boundary term over the horizon using
the horizon-generating Killing vector is proportional to
the surface gravity times the change in area of the black
hole. Explicitly,

1676 M = —f dar.B°[0/01], (2.10)

167r5j=f dar.B[9/d¢], @2.11)

26,8 A, = — / dar.B[0)ot + 0,0/00],  (2.12)
h

where M and 7 are the ADM mass and momentum, & is
the surface gravity, and A, is the area of the black hole.
When evaluating the boundary term on the black hole
horizon we have assumed that it is a bifurcate Killing
horizon and made use of the fact that the Killing generator
vanishes on the bifurcation sphere.

Hence for A = 0, we see that taking V., to be the black
hole horizon and V., the boundary at infinity, Eq. (2.9)
with A =0 gives the usual first law &M =
k0 A,/(87) + Q,67. We now turn to evaluating the
boundary terms in Eq. (2.9) for different choices of Vi,
and V,,, and now with the variation in the cosmological
constant assumed to be nonvanishing.

PHYSICAL REVIEW D 87, 104017 (2013)

B. First law in de Sitter with 6 A and Smarr formula

There are several features of dS spacetime that are
different from AdS or Minkowski that make the nature of
a first law in dS distinct. Infinity in an asymptotically dS
spacetime is a spacelike surface. Cosmological spacelike
slices asymptote to one corner of the conformal diagram.
In Schwarzschild-like coordinates, surfaces of constant
tehw become timelike outside the cosmological horizon,
and end at spacelike infinity. Likewise, the static Killing
field €% = (0/0tsny) is spacelike outside the horizon to
infinity. One can use this Killing field to define an ADM
charge at infinity, but it does not have the usual interpre-
tation of a mass in the sense of Noether’s theorem. On the
other hand £&¢ is timelike between the black hole and
cosmological horizon. This situation leads to three natural
first-law constructions in a black hole dS spacetime—from
the black hole horizon to infinity, from the cosmological
horizon to infinity, and between the two horizons. Only two
of these are independent, as the construction between the
horizons is the difference between the other two.

We first consider the first-law construction outlined
above for the region V contained between the black hole
and cosmological horizons, rather than running the inte-
grals out to infinity as in the asymptotically flat or AdS
cases. This will give a relation between the variations of the
two horizon areas, and does not include a mass parameter.

Let us first consider the contribution generated by the
Killing vector (9/d¢)%. The variation 8J in the angular
momentum is still given by Eq. (2.11), but now evaluated in
an asymptotically de Sitter spacetime. Using Eq. (2.9) with
the inner boundary taken to be the de Sitter horizon and the
outer boundary at infinity one has

16776j=[ darCBC[8/6g0]=f dar B[d/d¢].
0o ds
(2.13)

So 48J is also given by evaluating the boundary integral on
the de Sitter horizon. The Killing potential term does not
contribute because we can connect the boundaries with a
slice having normal n, proportional to V¢, and hence the
lapse function F = —n,(d/d¢)* in Eq. (2.6) vanishes.

Substituting the generator of the black hole horizon
(0/00)% + Q,(8/9¢)* into the boundary integrand on the
black hole gives the same result as in the asymptotically
flat case, so that Eq. (2.12) continues to hold. The generator
of the de Sitter horizon (8/91)* + Q.(8/9¢)* substituted
into the boundary term on the de Sitter horizon gives a
similar result,

2|Kc|aﬂc.=f dar, B[00t + 0.0/00],  (2.14)
ds

with appropriate care taken for the signs. We have intro-
duced the explicit absolute value signs on . for clarity,
since the definition of surface gravity gives . < 0. Finally,
noting that the boundary vector (2.5) is linear in the Killing
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field, one finds that the integral of the boundary term for the
black hole horizon generator over the de Sitter horizon may
be written as

dar,Bd/dt + Q,0/d¢]
ds

= 2|k |8 A, + 16m(Q,;, — Q)87 (2.15)

The derivation of the first law is then completed by
substituting the generator of the black hole horizon d/dr +
0,0/d¢ into the Gauss’-law integral identity (2.9) and
using Egs. (2.12) and (2.15) to arrive at

Kh(SJZLh + |Kc|5~ﬂc + V5A
8 8 8

+(Q, — Q)67 =0,
(2.16)

where the positive [cf. Eq. (3.15) below] thermodynamic
volume V is defined by

V= —([ dar.n,w® — f darcnha)"b). 2.17)
ds bh

The Smarr relation for rotating black holes in de Sitter
spacetime follows by integrating the first law under a
scaling transformation. The scaling dimensions of A
and J are D — 2, while A has dimension —2, giving

Kh*/leh |Kc|ﬂc _ — VA
S iy (@ = Q)T 4m(D —2)°

(2.18)

Let us now identify the positive cosmological constant
A with the negative thermodynamic pressure as in
Eq.(1.1),P = — % < 0, commensurate with the definition
in the anti—de Sitter case [13]. With this definition we get
the following forms for the first law and the Smarr relation,
respectively (including the possibility of more than one
rotation parameter):

0= 1,85, + T.85. + > (Q — QL)8J — VSP, (2.19)

) o 2
0=T,5,+T,S,+ QL —QHJ'+——PV, 2.20
hQh cPc¢ Z( h c) D—2 ( )

where we identified the horizon area with the entropy
S = % and have defined the cosmological and black hole

I«

< and

temperatures to be the positive quantities 7, =
Th =X .
2

C. Going to infinity

One can essentially repeat the derivation of Sec. II B in
two additional cases: 1) one takes the slice to go from the
black hole horizon to infinity (passing through the dS
horizon), and ii) the slice extends from the cosmological
horizon to infinity. Consequently one obtains two addi-
tional first-law relations and associated Smarr formulas,
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one for each horizon. In both cases, the expressions involve
a quantity M which would be the ADM mass in the flat and
AdS cases. In the dS case, however, such a quantity is
“conserved in space” (rather than in time) due to the
spacelike character of the Killing field (9/d7) in the
region near infinity. Keeping this (important) distinction
in mind, we shall refer to M as the “mass’ [20], and use it
as a bookkeeping device.

For the black hole horizon we then get the first-law
relation

8M = T,8S), + D (), — QL)8J' + V,6P,  (2.21)

where the quantities (%, allow for the possibility of a
rotating frame at infinity (see, e.g., Ref. [35]), 6M is given
via the boundary integral

1676M = —f dar.(B[3/dt] + 28 AwSing), (2.22)

and the thermodynamic volume V, is given by the
expression

v, =[ dar.ny(0 — ws) —f dar.ngw.  (2.23)
00 bh

The quantity 3% appearing in Egs. (2.22) and (2.23) is the
Killing potential of the background de Sitter spacetime,
without the black hole. These contributions serve to make
each of the quantities M and V, finite; see Ref. [3] for an
in-depth discussion of this point in the asymptotically AdS
case. The corresponding Smarr formula, obtained from the
first law by overall scaling, is then given by

D -3 . L 2

—M=T,5,+ ) Q, — QL) ———PV,.

b M TS+ T - 0L = 5,

(2.24)

We see from the first law (2.21) that the thermodynamic
volume V), may be interpreted as the change in the mass
under variations in the cosmological constant with the
black hole horizon area and angular momentum held fixed.

For the cosmological horizon, we use the Gauss’-law
relation (2.9) with the corresponding horizon-generating
Killing vector (9/01)* + Q.(8/3d )" to obtain the first law,

8M = —T.85, + Y (O — QL)8J + V.8P. (2.25)

The minus sign in the first term on the right-hand side
arises because the surface gravity . of the de Sitter
horizon is negative, while the corresponding temperature
T, is taken to be positive. The thermodynamic volume V..
for the cosmological horizon is given by

VC = /;o darenf(wef — wsg) - LS darenfa)ef. (226)

Finally, the Smarr relation that follows from Eq. (2.25) by
scaling is given by
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D=3, ~T.S. + > (QL

2
— Qi) - —=—PV..
D-2 ) 2

D —
(2.27)

We see from the first law (2.25) that the thermodynamic
volume V., gives the variation in the mass assuming that the
area of the cosmological horizon, as well as the angular
momentum, is held fixed, which is distinct from the con-
ditions defining the thermodynamic volume V.

The first law (2.19) discussed in the previous section,
which concerns only the region between the black hole and
cosmological horizons, can now be understood as a con-
sequence of subtracting the formulas (2.21) and (2.25). We
see from the explicit expressions of the thermodynamic
volumes V in Eq. (2.17) and V,,, V.. in Egs. (2.23) and (2.26)
that they satisfy the relation

V=V,-V, (2.28)

The Smarr formula (2.20) for the region between the
horizons is similarly given by the difference between
Egs. (2.24) and (2.27).

III. THERMODYNAMICS OF KERR-DE
SITTER BLACK HOLES

We now turn to the example of Kerr-de Sitter black
holes. The D-dimensional Kerr-(A)dS spacetimes [36,37]
are solutions to the Einstein equations

2A
(D-2)
that generalize the asymptotically flat rotating black hole
solutions of Ref. [38]. The thermodynamics for the
Kerr-AdS case was studied in Ref. [35]. In the asymptoti-

cally dS case the metric in “generalized”” Boyer-Lindquist
coordinates takes the form
z a;Mi dqol)

i=1 =1

Rab = 8ab

2
ds® = —W(l — g>2)di* + #(Wdt

N .2 2 2
r°+a; Udr
+ 21 = (uide? +dui) + x—om " er’dv?
i= i |

2
g r*+a? 2
Wi — 29 (Z = Lwidw; + er de/) ,

=
3.1)
where 2A = (D — 1)(D — 2)g? and
N /-L2 N
W= +e? X=r21 - g2 []0? + ad),
i=1 "1 i=1
X N 22
U=-——51- L), Ei=1+ g%l
l—gzrz( : 1r2+a2) ! £di
(3.2)

Here N = [(D — 1)/2], where [A] means the integer part
of A, and we have defined € to be 1 for D even and O for
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odd. The coordinates w; are not independent, but obey the
constraint

,u,% +er?=1. 3.3)

M=

A. Even dimensions

In even dimensions (D = 2N + 2), the thermodynamic
quantities are calculated as follows. For the cosmological
horizon, we have

1 r2+a? _A
=-A <,
Se =30~ 2” E, 4
o (1 - g2r2) 1 + g%r
T, = , 34
: 2 pr (34)
(1 - g*)a;
o = >
re t+aj
while the “mass” and angular momenta read
Ap- 1 i Ap_
M=y = TP ()
471_[],:’(] =T 47T:,ll_[j::j

where the cosmological horizon radius r. and black hole
horizon radius r;, are solutions to

1
2 =_—(1— 2,2 2+2
) ) (R

1
= E(l — gzrﬁ)n(ri + a?). (3.6)

The quantity Ap_, is the volume of the unit-radius
(D — 2)-sphere, and is given by

27 (D12

Ao ST -7y

(3.7)

Using the Smarr relation (2.27) one finds that the thermo-
dynamic volume V, associated with the de Sitter horizon is
given by

_ r. A, 1 - g r
Vemp= 1[ (D — 2);»22 ] 3.8)
r. J’Zl 87
R P a7y 2)Za1 (3.9)

Given that the Smarr formula (2.27) was derived from
the first law (2.25), it also follows that the quantities (3.4),
(3.5), and (3.8) satisfy the cosmological horizon first law.
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Similarly, for the black hole horizon we have

n+a A
Sh = —./,ZlD 21—[ h :,' Th,
T rh(l - g rh)z 1 1+ g% (3.10)
h ~r? + a? 4mr, '
i (1 - gzri)ai
h rr+a?
while the thermodynamic volume calculated from
Eq. (2.24) reads
A 1—gr; ]
V, = 3.11
h D—l[ (D—z)rZZ_, -11)
A 8
r” Ly (3.12)

TEDTERD

The horizon quantities (3.10), (3.5), and (3.11) then satisfy
the black hole horizon first law (2.21).

The expressions for the thermodynamic volumes V. in
Eq. (3.9) and V,, in Eq. (3.12) have the same form as one
another and also as the result for V}, in the Kerr-AdS case
[8]. As in Ref. [8] the first terms in these expressions for V..
and V), are equal to geometric volumes, respectively, de-
noted by

A
nep s

rh.ﬂh

.1
o SR E)

contained within the horizon, which are obtained by inte-
grating the full D-dimensional volume element over the
region on a f-equals-constant slice between r = 0 and the
horizon radius.*

We see from Egs. (3.9) and (3.12) that the thermody-
namic volumes V. and V), differ from their geometric
counterparts V/ and V, by precisely the same amount. It
then follows that the thermodynamic volume V =V, — V,
that enters the first law (2.19) and Smarr relation (2.20) for
the region between the two horizons is exactly equal to its
geometric counterpart V' = V. — V;, with

rcﬂc rhﬂh

V=V = .
D—-1 D-—-1

(3.14)

In particular, for the Schwarzschild-dS spacetimes we get
the following ‘“manifest” geometric relation:

Ap-s
D —

V=
1

i (e ) (3.15)

“A similar formula also holds in odd dimensions, but the

integration now proceeds between r> = —a2. , where a2 is

min°® min
the smallest among the values of the squares of the rotational
parameters a . Note that in an even dimension such an a2,

min
automatlcally equals Zero.
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The quantities (3.4), (3.5), (3.10), and (3.14) satisfy the first
law of black hole thermodynamics (2.19) and the Smarr
relation (2.20).

B. Odd dimensions

In odd dimensions (D = 2N + 1), the following ther-
modynamic quantities get modified: the mass

. mﬂlD,z 1 1
v-iie(Z= )
J =] N0

the cosmological horizon entropy and temperature

(3.16)

SC .;ZlD 21—[}’ +(1 Ac

and the black hole horizon entropy and temperature

Ap- l—[ 2+a2 A
| (3.17)

+ a? 27Tl"h '

rh(l—gr
Ty = h22
i

The other quantities—including Q¢, Q., and J,—remain
of the same form, with m related to the cosmological and
black hole horizon radii according to

m = 0= g0+ )
1
—2(1 — g2 [] + a?). (3.18)
Ty i

It is easy to verify that the thermodynamic volumes V, V.,
and V), again take the form (3.14), (3.8), and (3.11), re-
spectively, and that all the quantities satisfy the Smarr
relations (2.20), (2.24), and (2.27) and the first laws
(2.19), (2.21), and (2.25).

IV. ISOPERIMETRIC INEQUALITIES

A. Euclidean space

The isoperimetric inequality for the volume V of a
connected domain in Euclidean space E?~! whose area is
A states that the ratio

(Y )

“.1)

obeys R = 1, with equality if and only if the domain is a
standard round ball. That is, for a fixed volume, the area
that surrounds the volume is minimized when the volume is
a ball.
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B. Reverse isoperimetric inequalities for V; and V,

Kerr-AdS black holes have been shown to satisfy a
“reverse”’ isoperimetric inequality [8], with the thermody-
namic volume bounded from below, rather than from
above, in relation to the horizon area. We find similar
results in this subsection for the thermodynamic volumes
V, and V, associated with the black hole and de Sitter
horizons. Both satisfy reverse isoperimetric inequalities in
relation to the corresponding horizon areas. Novel results
will arise, however, when we consider the region between
the horizons. We will find that a true isoperimetric inequal-
ity bounds the thermodynamic volume V of this region
from above in terms of the horizon areas.

Consider first the black hole horizon where we take the
volume "V entering the isoperimetric inequality to be given
by the thermodynamic volume of the black hole horizon,

2

A 1 —g*r < a
V=y, = h[1+ h :’], 42
"D -1 (D —2)r} & E; (4.2)

and the area ‘A to be the black hole horizon area,

i

2 +q?
Aea[152%, Dodd,
i
A=A,= , 4.3)
ryta;s
Ap_s[1%=—~, Deven.
LE

The statement now is that the corresponding ratio R de-
fined in Eq. (4.1), similar to the AdS case, satisfies the
reverse isoperimetric inequality,

R=1, (4.4)

with equality if and only if there is no rotation. This may be
rephrased as stating that for Kerr-dS spacetimes with a
fixed thermodynamic volume V,,, the black hole entropy
A, /4 is maximized for Schwarzschild-dS. As in the AdS
case [8], we conjecture that a similar statement holds for
any asymptotically dS black hole.

The proof of Eq. (4.4) for Kerr-dS follows closely
that for Kerr-AdS in Ref. [8]. We define a dimensionless
quantity

.= (1 —rgzr%)zg’ 4.5)
and consider RP~!. In odd dimensions we find
i ]

B :1 " D Z— 2: l_[ (rf,r;;?)]—ﬁ
sl @ T
_ :1 = 2 2- 1+ D2_z 1]_215’% = F(z), (4.6)
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where the inequality follows from the AG inequality (in-
equality relating the arithmetic and geometric means),

()" =y =

4.7

for non-negative quantities x;, and the equality follows
from Eq. (4.5) and the definition Z; = 1 + g?a?. Noting
that F(0) = 1, and that

dlog F(z) _ (D —3)z
dz D-2)D-2+2)(D—1+22)

(4.8)

which is positive for non-negative z in D > 3 dimensions,
it follows that F(z) = 1, and hence the reverse isoperimet-
ric inequality (4.4) is satisfied by all odd-dimensional
Kerr-dS black holes.

In even dimensions the calculation is similar. One finds
that

2 2
-1 — Z (ry, + a})
RP —rh[1+D_2][l_[ =

Y
_l’_
o
| I\l
N ]
@‘ '
| [\®]
[\)
VS
™M
| —
_l’_
~M
}‘\N Q
[I|~
N
|

4.9)

Thus G(0) = 1 and dlog G(z)/dz = 0, and so again we
conclude that R = 1. Thus the reverse isoperimetric in-
equality holds for even-dimensional Kerr-dS black holes as
well. It further follows via direct substitution that identical
results hold for the cosmological thermodynamic volume
V. and horizon area A .. One can therefore state that for
Kerr-dS spacetimes having a fixed value of the cosmologi-
cal thermodynamic volume V., the cosmological horizon
entropy A./4 is maximized by the Schwarzschild-dS
spacetime.

C. True isoperimetric inequality for the
thermodynamic volume V between the horizons

Let us now focus on the thermodynamic volume V of the
region between the black hole and de Sitter horizon. Recall
that in Sec. III we found that for Kerr-de Sitter spacetimes
V coincides with the geometric volume V' between the
horizons. We now want to ask whether V satisfies some sort
of inequality with respect to the horizon areas.

Consider the Kerr-dS black hole in any dimension. For
the purposes of establishing a bound, we will choose to
work with the volume parameter V given by the geometric
volume of the de Sitter horizon,
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:rc‘ﬂc>v=rcﬂc_rh‘/,zlh
D—-1 D-1

= 4.10
D—1 (4.10)
which is manifestly greater than or equal to the thermody-
namic volume V. For the area /A we take the area of the de
Sitter horizon,
A=A=A.+A,=A4 4.11)
which is less than or equal to the total area A of the black
hole and de Sitter horizons. With these choices for V and
A we then find—following Ref. [8]—that the ratio R
defined by Eq. (4.1) is given in all dimensions D by

R— (nRi)_m, R — 1+ a}/r?
i

. 4.12
1+ g2a[2 ( )

Since one always has rlz = g? each term R; = 1; conse-
quently,

R=1. (4.13)

On the one hand, this inequality might look trivial, since
the volume and area being compared are as in Euclidean
space. The interesting thing is that this simple geometric
volume is what arises in the Smarr relation, and that this is
true even with rotation.

The quantities V and A, and hence also the quantities
V and A, therefore satisfy a true isoperimetric inequality.
Equality, R = 1, is attained in Eq. (4.13) if and only there is
no black hole (V' = V), in which case r2 = 1/g2. Since in
this case we also have A = A we may formulate the
following result: for a fixed thermodynamic volume V in
between the black hole and dS horizons the total entropy
S = A/4 is minimized if there is no black hole. Note that if
instead of choosing (V, A) as in Egs. (4.10) and (4.11) we
chose V =V and A = A the departure of R from equal-
ity would be even more severe.

We have seen that the thermodynamic volume V be-
tween the two horizons is the same as the geometrical
volume V', even with rotation. So fixing V is like fixing
the size of the observable universe. Hence another way of
stating the isoperimetric inequality is that for a given size
of the observable universe, the entropy interior to the
cosmological horizon is increased by adding a black
hole, even though the black hole pulls in the cosmological
horizon [39]. By assuming that non-black hole inhomoge-
neities follow the same entropy rule, this entropy increase
has been used to estimate the probability that inflation
occurs for a universe in “the landscape” [40]. It is inter-
esting that V' arises naturally as part of the free-energy
balance between the cosmological and black hole horizons,
and that it applies to black holes with angular momentum.

Lastly, we emphasize that this situation is opposite to the
asymptotically AdS or flat case [8], where the reverse
isoperimetric inequality for the thermodynamic volume
was proved for Kerr-AdS black holes in any dimension.
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We conjecture that this feature may remain valid for any
asymptotically de Sitter black hole.

V. CHARGED BLACK HOLES

In this section, we will extend our analysis to various
charged and rotating de Sitter black hole solutions. It is
straightforward to extend the Hamiltonian perturbation-
theory analysis of Sec. II to include U(1) charges in the
first laws and Smarr relations holding for different sets of
boundaries. We then consider the examples of the Kerr-
Newman-de Sitter solution in D =4 and the de Sitter
versions of the Chong-Cvetic-Lu-Pope charged, rotating
solutions in minimal D = 5 supergravity [30], which in-
cludes a Chern-Simons interaction for the U(1) gauge field.

For Kerr-Newman black holes, we find results that
match those of Sec. III. The black hole and cosmological
thermodynamic volumes V,, and V, each satisfy reverse
isoperimetric inequalities. The thermodynamic volume V
is again equal to the geometric volume V' for the region
between the horizons and again satisfies a true isoperimet-
ric inequality. For Chong-Cvetic-Lu-Pope-dS black holes
our results are less complete. Whereas we are able to show
analytically that a similar set of inequalities hold subject to
a certain limitation on the range of the charge and rota-
tional parameters, in the general case we have only nu-
merical support for this claim. The equality of the
thermodynamic volume V with the geometric volume V'
between the horizons, however, is shown to hold over the
entire parameter range.

We find that the modifications to the first laws and Smarr
relations for the various sets of boundaries are as one would
expect. For the region between the black hole and de Sitter
horizon the new formulas are given by

0 = T,8S), + T.85, + D (P} — ®))sQ/
J

+ Q) — Q)sJ — VP, 5.1
0="T,S, +T.S +D_3Z(<I>/ — i)/
hOh cPe D—2 ; h c
+ Q) - QDI+ VP, (5.2)

D—2
where @i and P are the potentials for the electric (and
magnetic) U(1) charges evaluated at the black hole and de
Sitter horizons.

For the regions stretching, respectively, from the black
hole and de Sitter horizons out to infinity we have the first
laws and Smarr relations

SM = T,8S), + > (&), — ®L)5Q/
J

+ Z(Q;; —QL)8J + V, 8P, (5.3)
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D—3 o
mM TSy + 5, — D)
+ Z(Q’ QL) — 2 V,P (5.4)
D-2""
and
SM = —T.85, + Y (¥l — DL)50
j
+ QL = QL)8T + V5P, (5.5)
D—3 D-3 ‘ o
M == + L= DL)0/
D oM="TS.+5 _2;@ ®L)Q
: 2
+Y(QL - Qi) P .
Z( 53 "eP (5.6)

where additionally the quantities ®%, are the values of the
electric and magnetic potentials at infinity. As before,
subtracting Eq. (5.6) from Eq. (5.4) yields Eq. (5.2), and
subtracting Eq. (5.5) from Eq. (5.3) yields Eq. (5.1).

A. Kerr-Newman-dS black hole

The D = 4 Kerr-Newman-de Sitter metric for a rotating,
charged black hole with a positive cosmological constant
reads

A 2 ) 42 2
ds® = (d _asin’f Hdgo) +%dr2 +%d02
p> =]
S H 20 2 + 2 2
¥ Sj;z (adt—r = d(p), (5.7)

where the various functions entering the metric are given
by

A= (?+a*( —r?g*) —2mr + 22, (5.8)
S =1+ a’g’cos?0, 2>=4q>+ q2, (5.9)
p? =r*+a’cos?0, E =1+ a%g (5.10)
and the vector potential is
. 29
b= (-0 )
p =}
0 2 + 2

_qu(Z)s (adt—r ~a d(p) 5.11)

p =

The thermodynamic quantities in Kerr-Newman-AdS
spacetimes were computed in Ref. [2]. From those results
we can infer the following formulas in the de Sitter case.
For the cosmological horizon we find

7(r2 + a?) aZ
S, =— "7 =7, (5.12)
¢ /= Crr+ad?
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_ r.(1 —a%g? —3g%r2 — —“2:%22
¢ 47 (r2 + a?) ’

(5.13)

() _ delec (m) _
e R e rr+ a*’

(5.14)

where for magnetic charge we take the magnetic potential
to be analogous to the electric one [41]. The mass and the
electric and magnetic charges are given by

M= o.-=%L o, a5

while the angular momentum and the angular velocity at
infinity read

am 2

I=%  Qu=ag (5.16)

From the Smarr formula (5.6) we compute the cosmologi-
cal thermodynamic volume,
2

rcﬂc[ a < - 22 )]
1+ 1- +5——])| 517
3 25 r? e r: + a® .17)

and easily verify that the first law (5.5) is satisfied. Since V.,
in the charged case is greater than or equal to the uncharged
one, while the A . has the same form, the reverse isoperi-
metric inequality for the cosmological thermodynamic
volume (4.4) remains valid.

Similarly, for the black hole horizon we have the follow-
ing expressions for the thermodynamic quantities:

V, =

w(r? + a?) =
S, =—"l_—Z Q) =———, 5.18
h =) h I‘% + a2 ( )
(1 — a’g? — 3gr3 — <45)
T, = b 5.19
ne 47(r2 + a?) (5.19)
(I)(e) — Qerh , (D(m) — erh . 520
h r+a? h r+a? (5-20)

The black hole thermodynamic volume is then given by the
expression

rhﬂh[ Cl2 ( 22 )]
1+ 1 - — | (5.21
3 2Hr, g r% + a2 ( )

which also satisfies the reverse isoperimetric inequality
4.4).

Finally, the thermodynamic volume V in between the
horizons calculated from Eq. (5.2) again takes a simple
geometric form,

Vh=

=%(rc.7lc - rhﬂlh). (522)

Defining the volume V and area A as in Sec. IV C to be

V_rﬂl

OBV, A=ASA A=A (523)

we find that the isoperimetric inequality (4.13) also holds
for Kerr-Newman-de Sitter black holes.
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B. Charged dS rotating black hole in D = 5

The rotating charged AdS black hole with an electro-
magnetic Chern-Simons term was constructed by Chong,
Cvetic, Lu, and Pope [30]. We find that a corresponding
rotating charged dS black hole exists as an exact solution
to the Einstein-Chern-Simons equations with positive cos-
mological constant, obtained via analytic continuation
g — ig. This black hole solution reads

ds? — — S[(1 + g2r)p2dt + 2qv]dt N 2qvw
:‘a*:bpz p2
Sdt 2 24,2 2402
P \Ea=p A S
P+ a 2 4 p?
+ : = a sin20d¢2 + — d _— coszﬂd,ﬁz
=P =1
3 Sdt
6 =" <~ = ) (5.24)
P :'a*:b
where
v = bsin?0d ¢ + acos*0d i,
de d
w = asin20 =2 + bcosQH_,—lp,
=p =R
S =1+ a’g’*cos?0 + b>gsin?0,
(r* + a®)(”? + b*)(1 — g*r?) + ¢* + 2abq
A= 2 —2m,
,
p* = r* + a*cos?6 + b*sin?0,
E.=1+d%g g, =1+ b2g2
f=2mp* = q* = 2abqg’p? (5.25)

In the case of a negative cosmological constant [30], the
solution describes an asymptotically AdS charged rotating
black hole in a certain range of parameters m, a, b, and ¢. It
is easy to check that there exists a range for these parame-
ters in which the function A in Eq. (5.25) admits three
positive real roots. Hence in this range the solution de-
scribes an asymptotically dS charged rotating black hole.
To our knowledge this is the first demonstration of the
existence of such black hole solutions.
The thermodynamic quantities are [30]

mm(2E, + 28, — E,E,) — 2wqabg*(E, + E;)
45252 ’

—a—p

M =

m(am + gb(1 — a’g?)]

a —
J_ ]

4—12»—1
~a~b
b — 7(2bm + ga(1 — b*g?)] (5.26)
= ’
o B
4,:,1»117

For the black hole horizon we have
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_ril1 = g*@2r; + a* + b*)] — (ab + g)*

T —
h 27Trh[(r% + az)(rﬁ + b?) + abgq]
g w2 [(r} + a®)(r2 + b?) + abq]
" 2*—'a*—4brh
\/_C]r
® h ) 5.27
he (rz + a®)(r; + b*) + abgq (5-27)
0 a(r + b?)(1 — g2r2) + bq
h (r% + az)(r%l + b%) + abqg’

b+ @)1~ ¢73) + ag
(rfl + az)(rfl + b%) + abg

Q) =

The Smarr formula (5.4) then leads to an expression for the
black hole thermodynamic volume,

S N PURETL T
! 3 \E, E,
g*d® + abq(d* + r2 — ria’b*g*)
3B Epril(r: + a®)(r7 + b?) + abq]

], (5.28)

where d*> = a® + b> + 2a’b*g%>. When we switch off one
of the rotations (e.g., by setting a = 0) the reverse isoperi-
metric inequality (4.4) still holds. However, because of the
complexity of the expressions we have not been able to
analytically establish or disprove this result in the general
case and we leave the question for future study. We have,
nevertheless, confirmed the plausibility of this conjecture
by a numerical study.
Similarly, for the cosmological horizon we have

B 1 — g22r2 + a® + b*)] — (ab + q)?
¢ 2mr [(r2 + a®)(r2 + b*) + abq]
_a?[(r2 + a®)(r? + b?) + abq]

S =
¢ 2EaEbrc
®. = 2 2)(,2 2 ’ (5.29)
(r2 + a®) (2 + b?) + abg
Qo — a(rz + b*)(1 — g*r2) + bq
P+ a2+ b)) +abg’
o _ DA+ @ = £+ ag

c< (P2 + a®)(r? + b*) + abqg’

which gives

rcﬂlc[ 1 - gzr%(a2 b2)
vV, = 1+ N

+ 3r; \E. E,

2d* + abq(d* + r? — ria*b*g*
¢ 24 +abgld tre—reabg) ] (5.30)
3ELE,ri(r: + a®)(r? + b*) + abq]

Finally, using the Smarr relation (5.2), we find that the
thermodynamic volume in between the horizons is
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V= A = A

2

T
~ 55 = [(r2 + a®)(r2 + b2) — (12 + a®) (2 + b?)],
i ) i b

(5.31)

which, again, coincides with the naive geometric one. For
abg = 0 and taking

2
V= %(r% + a2+ b)) =V,
28,5,

A=A, =<A.+ A,

(5.32)

we realize that the isoperimetric inequality (4.13) holds.
Numerical investigations indicate that this inequality sur-
vives provided that we take V =V and A = A, for all
admissible parameters a, b, m, and g for which the metric
(5.24) describes an asymptotically dS charged rotating
black hole.

VI. COMPRESSIBILITY AND SPEED OF SOUND
FOR BLACK HOLE HORIZONS

Given the notion of the thermodynamic volume of a
black hole, we can proceed to explore further thermody-
namic properties, such as the compressibility and speed of
sound, that make use of the volume. Here we will find the
effective compressibility and speed of sound of the black
hole. For purposes of illustration, we shall restrict our-
selves to the case D = 4 in which there is only one angular
momentum. The adiabatic compressibility of the black
hole horizon is defined as

1 [0V
B (),
Vio\oP /s,

Bs, was computed for rotating black holes in anti—de Sitter
in Ref. [6]. The same formula continues to hold in de Sitter
spacetime,

6.1)

_ 36S,j*
3+ 8p)3+8p + 326+ 16p + 3,2’

Bs, (6.2)
where p = PS), and j = %, so in de Sitter p is negative.
One can check that at fixed entropy, the angular momen-
tum is a maximum for the extremal case and that the

compressibility is greatest when 7, = 0. One finds that
the angular momentum is given by

G = (14 8%’)(1 +8p), (6.3)

the compressibility is

25(1 + 8p)?
BSlextremal = 2 ’
3+ 8p)*(1 +4p)

(6.4)
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and, for p = 0, this is a maximum when p = 0, which is
A — 0. By expressing the entropy in terms of the black
hole mass M the greatest possible compressibility is then

Bs, |p:0,j:1 =, (6.5)

where Eq. (3.5) has been used with D = 4 and Newton’s
constant and the speed of light have been made explicit.
For a black hole of a few solar masses, Eq. (6.5) is three
orders of magnitude less than the compressibility due to
neutron degeneracy pressure in a neutron star of the same
mass [6]: in other words, the black hole equation of state is
very stiff.

A thermodynamic “‘speed of sound,” v, can be defined
by making use of the thermodynamic volume to define a
black hole density p = VM,, Then

0 9
v2=22 =14 S (66)

Thus 0.9 = v? < 1. A nonrotating de Sitter black hole
always has v? = 1, whereas v? is smallest as j — 1 and
p—0.

Of course this “speed of sound” is not associated with
any kind of surface wave on the event horizon; rather, it is a
measure of the susceptibility of the black hole to changing
its mass and volume when the pressure is changed, keeping
the area constant.

VII. SUMMARY

We have shown that it is possible to identify a negative
thermodynamic pressure with a positive cosmological con-
stant, allowing us to make sense of the thermodynamics of
asymptotically de Sitter black holes. Both the first law of
black hole thermodynamics and the corresponding Smarr
relation were demonstrated to hold, and we illustrated our
resulting formulas by applying them to various rotating
(and charged) black holes, including Kerr-dS black holes in
all dimensions. We found that in all studied examples the
thermodynamic volume in between the horizons coincided
with the naive geometric one, being equal to the difference
of products of cosmological and black hole horizon radii
and horizon areas. We also studied the thermodynamics of
the cosmological horizon and the black hole horizon sepa-
rately. This allowed us to define the corresponding cosmo-
logical and black hole thermodynamic volumes. In all the
examples we considered (except for the doubly-rotating
Einstein-Chern-Simons-dS black hole for which we have
only numerical evidence), we showed that the reverse
isoperimetric inequality holds provided we take the ther-
modynamic volume to be that of either the black hole or the
cosmological horizon; should we take the volume to be
the naive geometric volume in between the horizons then
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the isoperimetric inequality holds. We conjecture that these
relations will remain valid for any asymptotically de Sitter
black holes.

An interesting case to consider for future study is
the production of black holes in inflation. Without the
black holes, the cosmological constant decays from the
fluctuations in the scalar field that go into cosmological
perturbations, and the cosmological horizon shrinks
accordingly. If black holes are produced as well, then
provided 6A;, >0 the first law tells us that either—or
both—of (A, A) must decrease. Perhaps there is an
isoperimetric inequality that would have an interpretation
in terms of such a process.
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APPENDIX: A REMARK ON THE
NARIAI LIMIT AND THE
THERMODYNAMIC VOLUME

For asymptotically de Sitter black holes there exists an
interesting so-called Nariai limit (see Refs. [42,43] and
also Refs. [44,45]), in which the cosmological and black
hole horizons coincide (an analogue of the mass = charge
extremal Reissner-Nordstrom black hole). In this limit,
interestingly, the region in between the horizons does not
shrink to zero. In fact, when one ““zooms’ into it, it can be
demonstrated that (when the time coordinate is also re-
scaled) the metric remains finite and well defined. It is then
an interesting question (for which we are grateful to the
anonymous referee) to see what happens to the thermody-
namic volume in between the horizons in such a limit.

For simplicity we consider only the uncharged, non-
rotating, Schwarzschild-dS solution,

d 2
ds2 — _deZ + Tr + r2(d92 + sin29d§D2),
(AD)
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and consider its Nariai limit, m_)#ﬁ and r,—ry.

Following Ginsparg and Perry [43] we define the new
coordinates

€cos y = VA(r — 7o), Y= VAet, (A2)
and consider the limit € — 0, while we set
Im’A =1 — 3é€2, ro = L(1 - 6—2> (A3)
AL 6
It follows that
re=ry+ \/LK’ r,=rg— \/_EK’ (A4)

and the line element becomes that of dS2 X S2,
1
ds®> = K(dxz —sin2yd® + d6* + sin20de?), (AS)

with0 = y = wand 0 = ¢ < 2. The original black hole
horizon is now located at y = 0 whereas the cosmological
horizon occurs at y = 7r. We remark that the Nariai metric
[42] possesses a finite four-volume,

(A6)

Let us now turn to the thermodynamic volume in be-
tween the horizons, which in the original coordinates reads

1 4
Vzg(rcﬂc - rhﬂh) :777(’”3 - r;t)

(AT)
We shall now argue that such a volume vanishes, despite
the fact that the region does not shrink to zero. Indeed, by
using Eq. (A4) one finds

(A8)

which clearly vanishes as € — 0. This is consistent with the
fact that, as noted previously, the four-volume V, remains
finite. Since 0 = ¢ <2 requires 0 = ¢t < 72/7\1_6 = fmax> 10

Schwarzschild coordinates this finite four-volume comes

from
v, = 8me\( 27\ 1672
fas (A3/2>(JK6) AT

As € — 0 we have V — 0 and ¢,,,, — 0. Note finally that,
if instead of taking the Nariai limit of the original expres-
sion (A7) we started with the metric [42] and calculated the
thermodynamic volume in between the horizons (situated
at y = 0 and y = m), using for example the Smarr rela-
tion, we would find that such a volume necessarily vanishes
as both horizons have the same areas and temperatures. In
this sense the calculation of the volume of Nariai spacetime
commutes with the limit and in both instances we recover a
vanishing quantity.

(A9)
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